Class XII Chapter 6 — Application of Derivatives Maths

Find the rate of change of the area of a circle with respect to its radius r when
(@)r=3cm (b)) r=4cm

Answer

The area of a circle (A) with radius (r) is given by,

A=m

Now, the rate of change of the area with respect to its radius is given by,

dd 3 d (m;}: -

= 2mr
dar

1. Whenr=3cm,
A _ 2n(3)=6m
dr '

Hence, the area of the circle is changing at the rate of 6n cm?/s when its radius is 3 cm.
2. Whenr=4cm,
74 \
= (4)=8n
dr '

Hence, the area of the circle is changing at the rate of 8n cm?/s when its radius is 4 cm.

The volume of a cube is increasing at the rate of 8 cm?3/s. How fast is the surface area
increasing when the length of an edge is 12 cm?
Answer
Let x be the length of a side, V be the volume, and s be the surface area of the cube.
Then, V = x> and S = 6x* where x is a function of time t.
Efi =8cm’ /s
It is given that @
Then, by using the chain rule, we have:
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8= dl _ e [1] _ d {'r} dx _ 31_,_{3{1'
dt ot dx " dlt dlt
de 8 “}
- df 3x
Now, ﬁ = i(ﬁr:) = i{ﬁf ) : ﬂ [B}f chain rule]
dit  dt dx et
2 3
=I2x,ﬁ=1’3 [ BqJ:“E
el 3x” x
ds 32 . 8 "
= ecm”/s=— cm’/s.
Thus, when x = 12 cm, @ 12 3

Hence, if the length of the edge of the cube is 12 cm, then the surface area is increasing
8

at the rate of 3 cm?/s.

The radius of a circle is increasing uniformly at the rate of 3 cm/s. Find the rate at which
the area of the circle is increasing when the radius is 10 cm.

Answer

The area of a circle (A) with radius (r) is given by,

A=m

Now, the rate of change of area (A) with respect to time (t) is given by,

dd d dr
E: E[m S Zm'm
It is given that,

.-‘}_“r" _ [Hy chain rulc]
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A i
=2mr(3)=6mr
. i 3)

Thus, when r = 10 cm,

dd 3,

— =6m(10)=60r cm” /s

dt

Hence, the rate at which the area of the circle is increasing when the radius is 10 cm is

60n cm?/s.

An edge of a variable cube is increasing at the rate of 3 cm/s. How fast is the volume of
the cube increasing when the edge is 10 cm long?
Answer
Let x be the length of a side and V be the volume of the cube. Then,
V=x*
dV . 5 dx

=3 r—
- dt df (By chain rule)

It is given that,

ﬂrj =3 cm/s
df
dl 5 5
=3x"(3)=9x"
.o [ }

Thus, when x = 10 cm,

AV _9(10) =900 cn’ /s
dr
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Hence, the volume of the cube is increasing at the rate of 900 cm?/s when the edge is 10

cm long.

A stone is dropped into a quiet lake and waves move in circles at the speed of 5 cm/s. At
the instant when the radius of the circular wave is 8 cm, how fast is the enclosed area
increasing?

Answer

The area of a circle (4) with radius (r) is given by 4 = 7”':.
Therefore, the rate of change of area (A) with respect to time (t) is given by,
14 d : { 24 i
= I—(m'"}= E—{m" LA, Pl
dr o ode dr Tl i [By chain rule]
?l'.
a_ 5 cmis
It is given that @7
Thus, when r = 8 cm,
dd
ot

Hence, when the radius of the circular wave is 8 cm, the enclosed area is increasing at

2n(8)(5)=80xn

the rate of 80n cm?/s.

The radius of a circle is increasing at the rate of 0.7 cm/s. What is the rate of increase of
its circumference?
Answer
The circumference of a circle (C) with radius (r) is given by
C = 2nr.
Therefore, the rate of change of circumference (C) with respect to time (t) is given by,
dc _dc dr
dt  dr di (By chain rule)
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o el
== (2mr) —
a".l‘{ IU) dt
o
- ot
ar

—=0.T cm/s
It is given that @r

. , 152n(0.7 ) =141 cm/s.
Hence, the rate of increase of the circumference { }

The length x of a rectangle is decreasing at the rate of 5 cm/minute and the width y is
increasing at the rate of 4 cm/minute. When x = 8 cm and y = 6 cm, find the rates of
change of (a) the perimeter, and (b) the area of the rectangle.

Answer

Since the length (x) is decreasing at the rate of 5 cm/minute and the width (y) is

increasing at the rate of 4 cm/minute, we have:

el o dy o
= 5 cm/min ~ =4 cm/min
df and dr
(@) The perimeter (P) of a rectangle is given by,
P=2(x+Yy)
P (d )
s ax ”I_L - 2{_5+4]=—2 cIm/min

Cdt \dr dt )
Hence, the perimeter is decreasing at the rate of 2 cm/min.
(b) The area (A) of a rectangle is given by,

A=x Xy
1A dx Ty
dA _dx . e

— y4x-—==5p+4dx
Sodtdt di ’

Pr.‘r i " 2 "
& (—5 x6+4x8) em’/min =2 cm’ /min

When x = 8 cmand y = 6 cm, 4!

Hence, the area of the rectangle is increasing at the rate of 2 cm?/min.
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A balloon, which always remains spherical on inflation, is being inflated by pumping in
900 cubic centimetres of gas per second. Find the rate at which the radius of the balloon
increases when the radius is 15 cm.

Answer

The volume of a sphere (V) with radius (r) is given by,

4
V=—m

~Rate of change of volume (V) with respect to time (t) is given by,

diy_dv f

Pel] dr [By chain rule]
d{4 .\ dr

=—| —nr |-\—
dr!\ 3 J dt

ﬂ =900 cm” /s

It is given that @

dr

5900 = dar” -

it
dr 900 225
= —= —=—
dt 4w oW
Therefore, when radius = 15 cm,
ar 225 1

di z(15)

Hence, the rate at which the radius of the balloon increases when the radius is 15 cm

1 )
— CIMY/s.
is T
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A balloon, which always remains spherical has a variable radius. Find the rate at which
its volume is increasing with the radius when the later is 10 cm.
Answer
4
V=—m
The volume of a sphere (V) with radius (r) is given by

Rate of change of volume (V) with respect to its radius (r) is given by,

WV di4 .\ 4 ,
L P |:—:1:{3r'}:4m-'
dr dr'\3 ) 3

Therefore, when radius = 10 cm,
i 2
9~ 4n(10) = 400n

[

Hence, the volume of the balloon is increasing at the rate of 400n cm?/s.

A ladder 5 m long is leaning against a wall. The bottom of the ladder is pulled along the
ground, away from the wall, at the rate of 2 cm/s. How fast is its height on the wall
decreasing when the foot of the ladder is 4 m away from the wall?

Answer

Let y m be the height of the wall at which the ladder touches. Also, let the foot of the
ladder be x maway from the wall.

Then, by Pythagoras theorem, we have:

x* + y? = 25 [Length of the ladder = 5 m]

e
= p=+25-x"

Then, the rate of change of height (y) with respect to time (t) is given by,
dv  -x v

dr J25—x° dr

— =2cm/s
It is given that @7
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dy -2x
S.—= :1
dt 25—

Now, when x = 4 m, we have:
dv  —2x4 8

dr J25-4° 3

8
— cm/s
Hence, the height of the ladder on the wall is decreasing at the rate of 3

3
y= 2
by =x < Find the points on the curve at which the y-

A particle moves along the curve
coordinate is changing 8 times as fast as the x-coordinate.
Answer

The equation of the curve is given as:

Gy = X +2

The rate of change of the position of the particle with respect to time (t) is given by,

6L 3%
it t
gﬂ = 3 ﬂ
dt dt
When the y-coordinate of the particle changes 8 times as fast as the
(dv _dx)

R Sl
x-coordinate i.e., " ct dt ) , we have:
2|'/ g dx ] _ g el

\odr df
h 5 dx
— 165 = &
di dlt
5 dx
=(x*-16) =0
lt
= x =16
= x =4
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Class XII
x=4,y
When 6
x=—4,y=
When 6

Hence, the points required on the curve are (4, 11) and *

The radius of an air bubble is increasing at the rate of 2 cm/s. At what rate is the

volume of the bubble increasing when the radius is 1 cm?

Answer

4 +2 66

The air bubble is in the shape of a sphere.

Now, the volume of an air bubble (V) with radius (r) is given by,

4
V="

The rate of change of volume (V) with respect to time (t) is given by,

dr 4 4 (r;}_dr

=—T— i
dt 3 dr? ot
4 oo dr
=—q|3r | —
373 )(n

:-1m'3£
et
ar 1

— =— cm/'s
It is given that @f 2

Therefore, whenr =1 cm,

”II_X: 8
ot L2

Hence, the rate at which the volume of the bubble increases is 2n cm?/s.

dr (1) —]= 2nem’ /s

[H}'chain rule]
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3
;{ET 1 I}.
A balloon, which always remains spherical, has a variable diameter = Find the

rate of change of its volume with respect to x.

Answer

The volume of a sphere (V) with radius (r) is given by,
4

V=—m

It is given that:

=3 (2x41)

Diameter 2

3
=r="(2x+1

S (2x1)

4 (37 19 2
SV =—nl = | (2x+]1) =—m(|2x+]

3 |-.\4,“ ) =163+
Hence, the rate of change of volume with respect to x is as
ar = 9 T d (2x+l]|;= 9 th.'i[l‘r+l]'\x2=2? TE(2J(+|}?.
de 16 dx 16 8

Sand is pouring from a pipe at the rate of 12 cm?/s. The falling sand forms a cone on the
ground in such a way that the height of the cone is always one-sixth of the radius of the
base. How fast is the height of the sand cone increasing when the height is 4 cm?
Answer

The volume of a cone (V) with radius (r) and height (h) is given by,

V =lm'::‘?

It is given that,

h=lf' = =0k
[§]

V= ;H{ﬁh]? h=12nk’

2

Page 10 of 138



Class XII Chapter 6 — Application of Derivatives Maths

The rate of change of volume with respect to time (t) is given by,

dv =12n d [Ir"]-dh
dr dh dt [By chain rule]
vy dh
=12n(3h" | —
T{ 7 ]df
—36?!#;3@
dt
dV

= =12cm'/s
It is also given that f

Therefore, when h = 4 cm, we have:

12=36m(4) “;h
ar

idh 12 1
_—— e — e —
dr 36m(16) 48x

Hence, when the height of the sand cone is 4 cm, its height is increasing at the rate

The total cost C (x) in Rupees associated with the production of x units of an item is
given by
C(x)=0.007x"—0.003x" +15x+4000

Find the marginal cost when 17 units are produced.

Answer

Marginal cost is the rate of change of total cost with respect to output.
dC

:—:f}.f}f}?{h:)—ﬂ.ﬂm{hh 15
~Marginal cost (MC) dx

=0.021x" = 0.006x +15
When x = 17, MC = 0.021 (17%) — 0.006 (17) + 15
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= 0.021(289) — 0.006(17) + 15
=6.069 — 0.102 + 15
= 20.967

Hence, when 17 units are produced, the marginal cost is Rs. 20.967.

The total revenue in Rupees received from the sale of x units of a product is given by
R(x)=13x"+26x+15

Find the marginal revenue when x = 7.
Answer
Marginal revenue is the rate of change of total revenue with respect to the number of
units sold.
_dR
~Marginal Revenue (MR) Cdr = 13(2x) + 26 = 26x + 26

When x = 7,
MR = 26(7) + 26 = 182 + 26 = 208
Hence, the required marginal revenue is Rs 208.

The rate of change of the area of a circle with respect to its radius rat r = 6 cm is
(A) 10n (B) 12n (C) 8n (D) 11n

Answer

The area of a circle (A) with radius (r) is given by,

A=m

Therefore, the rate of change of the area with respect to its radius r is

ZJr

A 3 o {m':}= -
dar dr !
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~“When r =6 cm,

14 o
& —mx6=12mem’ /s

ar

Hence, the required rate of change of the area of a circle is 12n cm?/s.

The correct answer is B.

The total revenue in Rupees received from the sale of x units of a product is given by

x)=3x" +36x+5 '
R( ¥)=3x"+36x . The marginal revenue, when ¥ =13is

(A) 116 (B) 96 (C) 90 (D) 126
Answer
Marginal revenue is the rate of change of total revenue with respect to the number of

units sold.
_dR
~Marginal Revenue (MR) dv = 3(2x) + 36 = 6x + 36

~When x = 15,

MR = 6(15) + 36 = 90 + 36 = 126
Hence, the required marginal revenue is Rs 126.

The correct answer is D.
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Show that the function given by f(x) = 3x + 17 is strictly increasing on R.
Answer

Let x, and x, be any two numbers in R.

Then, we have:
X, <x, =3x <3x, =35, +17<3x0, +17= f(x) < f(x,)

Hence, fis strictly increasing on R.

Alternate method:
fi(x) = 3 > 0, in every interval of R.

Thus, the function is strictly increasing on R.

Show that the function given by f(x) = e* is strictly increasing on R.

Answer

Let ¥ and x,

Then, we have:

be any two numbers in R.

X, <x, = 2x, <2x, = e <™ =>_f'{r1‘|} < f(x;)

Hence, fis strictly increasing on R.

Show that the function given by f(x) = sin x is

{ Y i y
0.2 | g

(a) strictly increasing in ~ “/(b) strictly decreasing in 2 )

(c) neither increasing nor decreasing in (0, n)

Answer

The given function is f(x) = sin x.

S (x)=cosx

Page 14 of 138



Class XII Chapter 6 — Application of Derivatives Maths

i

,rr—-|l ﬂ.%x].ms x =0,

(a) Since for each . we have J “} ~ U.
¢ i
[ om
105 ]
Hence, fis strictly increasing in~ <,
'I.‘Fl/ﬂ nwcos v =<0
o — 4 L R T
) <
(b) Since for each  “2 / , we have f'(x)<0
1 h
—,7

Hence, fis strictly decreasing in* 2 ) .
(c) From the results obtained in (a) and (b), it is clear that f is neither increasing nor

decreasing in (0, n).

Find the intervals in which the function f given by f(x) = 2x*> — 3x is
(a) strictly increasing (b) strictly decreasing

Answer

The given function is f(x) = 2x* — 3x.

f’{x} =4x-3

L f(x)=0 = x=

b |

3 i 30 3 ]

A=
Y

t
3
&
f 3 ,
—0,— |, [(x)=4x-3<0
In interval 4)
Il 30
—0, —
Hence, the given function (f) is strictly decreasing in interval * 4) .
3

_‘.::c,-]. f'{x)=4x-3>0.
In interval
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i3 ]
—. o

Hence, the given function (f) is strictly increasing in interval * 4 .

Find the intervals in which the function f given by f(x) = 2x*> — 3x> — 36x + 7 is
(a) strictly increasing (b) strictly decreasing
Answer

The given function is f(x) = 2x®> — 3x* — 36x + 7.

F(x)=6x"—6x-36=6(x"—x—6)=6(x+2)(x-3)

'...f.‘{""}:[“}_b- x=-—2 3

The points x = =2 and x = 3 divide the real line into three disjoint intervals i.e.,

(—0,-2),(-2.3), and (3,).

—rn
- + f
i 3

L

(—o0,-2) and (3,0), f"(x)

In intervals is positive while in interval

ae
(-2, 3), J { }is negative.
Hence, the given function (f) is strictly increasing in intervals

{—-:3,—2} and {J'm} , while function (f) is strictly decreasing in interval

(-2, 3).

Find the intervals in which the following functions are strictly increasing or decreasing:
(a) x> + 2x — 5(b) 10 — 6x — 2x?

(c) —2x> —9x®> — 12x + 1 (d) 6 — 9x — x*

(e) (x +1)° (x = 3)°
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Answer
(a) We have,

flx)=x"+2x-5

.'.f'{.r}=2,1:+2
Now,
Jr”{'I"..‘j:t‘}_})(: -1

—i, — -1, ).
Point x = —1 divides the real line into two disjoint intervals i.e., [ ’ ]} and { ! j

o — r - M
In interval{ ,=1).f [T} 2x+2<0.

(—=0,—1).

~f is strictly decreasing in interval

Thus, fis strictly decreasing for x < —1.

In interval[_]s":}s.f{"f]: 2x+2>0.

. ) . C —1,m0),
=~ fis strictly increasing in mtervalII J

Thus, fis strictly increasing for x > —1.
(b) We have,

f(x) = 10 — 6x — 2x°

S (x)=-6-4x

MNow,

f(x)=0=x= —%
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x=
The point

It | e

divides the real line into two disjoint intervals

{f 30 3 !

—o.—= | and | —Z .

i.e.,l"' '-'.l‘l LY "I
hY

i
—0, —

In interval

P | el

3
4 l.e. wheni - 2 f‘{",] =—H-4x <),
3
X< ==
- fis strictly increasing for 2

3
——-‘I’J X =

"(x)=—6—4x <0
In interval~ < i.e., when ,j“} 6-4x<0

I | e

3
Xz ==
- fis strictly decreasing for 2,

(c) We have,

fix)=-2x> - 9x* — 12x + 1

o f(x)=—6x" —18x—12=—6(x* +3x+2) =—6(x +1)(x+2)
MNow,

f(x)=0 =>x=-landx=-2

Points x = —1 and x = —2 divide the real line into three disjoint intervals

o, (2220, and (1.2)

(—o0,—2) and (-1,)

In intervals

Sx) =—Er{.1.‘+|]{,r+2} < U.

i.e., when x < =2 and x > —1,
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=~ fis strictly decreasing for x < —2 and x > —1.

N y)=— . 4 7
Now, in interval (=2, —1) i.e., when -2 < x < -1, / {H'} 6{'1' +IH'1+'}}U_

=~ fis strictly increasing for —2<x<-l,

(d) We have,
S{x)=6-9x—x’
S f(x)=-9-2x
Now, f*

- 9
(x)=0givesx = -3

T =

9
The point 2

divides the real line into two disjoint intervals i.e.,

{ [Vl g 0
L—ﬂo‘—; and | ——, ™

Ly 2 )
i ¥] “~| 9
—a, —— X<== V= 99y
In interval * 2) i.e., for 2 f'(x) 2x = D.
X< ——
= fis strictly increasing for 2

0

) 9
- "I:OJ X > —— "
x)=-9-2 :
In interval 2 i.e., for Elf () 2x <l
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x>

= fis strictly decreasing for 2,

(e) We have,

fx) = (x+ 1) (x - 3)°

F1(x)=3(x+1) (x=3) +3(x=3)" (x+1)°
=3(x+1) (x=3) [x—3+x+1]
=3(x+1) (x=3) (2x-2)
—6(x+1) (x=3)" (x-1)

MNow,

f(x)=0 = x=-1,3,1

The points x = —1, x = 1, and x = 3 divide the real line into four disjoint intervals

e, 7o) L1y, @3y, and ),

2

In intervals[_ﬂ'_]}and (-1, 1), -

« fis strictly decreasing in intervals[_ﬂ'_]}and (-1, 1).

» -

In intervals (1, 3) and

3,
=~ fis strictly increasing in intervals (1, 3) and{ ao}.

f'(x)=6(x+1) (x=3) (x-1) <0

{3.00}’ f(x)y=6(x+1) (x-3) [x—l]l}ﬂll
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2_ .
y=log(1+x) Y oxs-l
Show that 2+x , is an increasing function of x throughout its

domain.
Answer

We have,
..

v=log(l+x
' el ) 2+ x

cdy 1 (2+x)(2)-2x(1) 1 4 e

Tdv l+x {2+le: 1+ x {2+x}? {2+.r}:

Now, ﬂ =0
v

X

(2+ x}:

=x'=0 (2+x)#0asx>—1]

=x=0
Since x > —1, point x = 0 divides the domain (-1, o) in two disjoint intervals i.e., =1 <
x < 0and x > 0.

When —1 < x < 0, we have:
x<0=x'>0

¥>-1=(2+x)>0=(2+x) >0

V= Y 0
(2+x)

Also, when x > 0:

¥>0=x" >0, (2+x) >0

Hence, function f is increasing throughout this domain.
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L':{x[.ﬁ:—iﬂz

Find the values of x for which” is an increasing function.

Answer

We have,

y=[x(x-2)] =[x -2x]

B 2(x" - 2x) (20 -2) =4x(x-2)(x-1)
de

'.ﬁzﬂ' = x=0x=2,x=1.
ax

The points x = 0, x = 1, and x = 2 divide the real line into four disjoint intervals i.e.,
(—0,0), (0,1) (12), and (2,).
dy
(—o0,0) and (1,2) E":”

In intervals ,

(—o0,0) and (1,2)

=~ y is strictly decreasing in intervals .

e
i = ().
However, in intervals (0, 1) and (2, o), dx

=~ y is strictly increasing in intervals (0, 1) and (2, o).

“+y is strictly increasing for 0 < x < 1 and x > 2.

4sin & [
'LI:{2+L‘L)59]_5‘. . . . : D%}
Prove that is an increasing function of 6 in-
Answer
We have,
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dsind
{2 +::r.156']

Cdy  (2+cos@)(4cosf)-4sin(-sind)
Cdr (2+cos0)’
:Huusﬁ+4cnxzﬂ+4sing€_1
(2+cosd)’
_ 8cost+4 O
[2-&-(:{351‘?)?

MNow, dy =1,
{

BcosH+4
= =1

(2+cosd)
= 8cos+4=4+cos’ @+4dcosd
=cos’ #—4dcosf =0
= cosf(cosd—4)=0
=cost?=00r cosf =4
Since cos B8 # 4, cos 6 = 0.

msﬁ:ﬂ:}ﬁ:g

Now,

dy 8cosd+ 4—(4+cos’ 9+4c059) _ 4cosf-cos’@  cosO(4—cosd)
dx (2 +cosd)’ (2 +cosd) (2+cos@)
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y .
0, ]
In interval * 4, we have cos 6 > 0. Also, 4 > cos 8 = 4 — cos 6 > 0.

o | =

.cos8(4-cosf) =0 and also (2 +cos H‘]: =0

cos@(4-cosd)
— 5

(2+cos )

>

/ \
0,
Therefore, y is strictly increasing in interval *

b | =

n
x=0andx=—.
Also, the given function is continuous at 2

[ x
u._}
Hence, y is increasing in interval- 2 .

Prove that the logarithmic function is strictly increasing on (0, o).
Answer
The given function is f( x ) = log x.
y I
X
" 1
flx)===0.
It is clear that for x > 0, X

Hence, f(x) = log x is strictly increasing in interval (0, o).

Prove that the function f given by f(x) = x> — x + 1 is neither strictly increasing nor
strictly decreasing on (-1, 1).

Answer
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The given function is f(x) = x> — x + 1.
s () =2x-1
Now, f'(x)=0=>x =%.

1

The point 2 divides the interval (=1, 1) into two disjoint intervals
f p
L—I, l] and {]—. .

i.e., 2, 2

17
(11
Now, in interval‘ 4

S(x)=2x-1<0.

i

24
Therefore, f is strictly decreasing in interval 2 .

i

i Y
)

1 | .
— 1, f(x)=2x-1>0.
However, in interval * 2 )
i1 )
—, ]
3
e .

Therefore, fis strictly increasing in intervaIL

Hence, fis neither strictly increasing nor decreasing in interval (-1, 1).

o
=
[l =]

Which of the following functions are strictly decreasing on
(A) cos x (B) cos 2x (C) cos 3x (D) tan x

Answer

(A) Let fi(x)=cosx.
S (x)=—sinx

‘.,i"."[.v} =—sinx <.

In interval

|-- ) .'" = 'T' H i i i
fi(x) = cos is strictly decreasing in interval *
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(B) Let fi(x)=cos2x.

i (x)=-2sin2x

i ) .
Mow, < x < 5 =0=2yen=sm2x>0=-25in2x <0

S f(x)=-2sin2x <0 mr[U,%J

T
Shlx)=cos2y. R ( ]
j-{ } is strictly decreasing in interval .

©) Let (x) = cos3x.
Jf?r{"-} = —3sin 3x
Now, f_',"l‘ .r} — .

. . [
= sindx=0=3x=mas _rc=_| UE]
\

= X

| =

0, —
2

T
The point 3 divides the interval

II( 4
LU, g] and (g,;]
i.e., 0 =

Ill A"
Now, in interval | i].;r l.f:(,r] =—3sin3x < [m 0<x< :
\

A

o)
=~ f3 is strictly decreasing in interval 3 .

n

Jinto two disjoint intervals

=<3y < n}.

3n

1

. Tow . n
Howewer. in interval [? ;]. fi(x)=-3sin3x>0 [m- 3 <x<s =< Jxe—
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{ N

w | =
o | =

~ fs is strictly increasing in interval * <.

Hence, f; is neither increasing nor decreasing in interval *

(D) Let Ji(x)=tanx.

o fi(x) =sec x

S AT X
0, — |.__f4'{.r}:sec' x =0
Ininterval™ =/

= fy is strictly increasing in interval *

.-‘U o
Therefore, functions cos x and cos 2x are strictly decreasing in* 2,

Hence, the correct answers are A and B.

Sflx)=x"+sinx-1

On which of the following intervals is the function f given by strictly

decreasing?

(
—., T

@ @ 2

I." kY
0,
O

Answer

3| =

4 (D) None of these

We have,
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f[:.t‘:l — :L_'II'J':I 4 SII'I X _I
oS (x)=100x" +cos x

. 29
n intervalw‘ 1), cosx=0and 100x™ = 0.

S (x)=0.

Thus, function f is strictly increasing in interval (0, 1).
i .
(—.a ].-:05 x <0 and 100 x™ >0. Also, 100 x™ >cos x
In interval

i A
x)
A

S f(x)=0in

k2| =

h

i K
—, T
Thus, function fis strictly increasing in interval \2 .

.

" [ ":\I L]
In interval | 0, JE |.cosx =0 and 100x™ =0,

|
h

2 100x™ +cosx =0

i
= f'(x)=00n |0,

5

.

td | =

S,

« fis strictly increasing in interval

Hence, function fis strictly decreasing in none of the intervals.

The correct answer is D.

(x)=x"+a
Find the least value of a such that the function f given _,f{r} vtarsl

is strictly
increasing on (1, 2).
Answer

We have,
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f(x)=x"+ar+1
©f(x)=2x+a

f'(x)>0

Now, function f will be increasing in (1, 2), if* in (1, 2).

f(x)=0

=>2x+a>0

= 2X > —-a
=

X —
= 2

Therefore, we have to find the least value of a such that

X _:?.,whenre (1.2).

—{l
::~.r:=T (when | <x < 2)

Thus, the least value of a for f to be increasing on (1, 2) is given by,

“9

~

a
—=l=g==2
2

Hence, the required value of a is —2.
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Let I be any interval disjoint from (=1, 1). Prove that the function f given by

: 1
fx)=x4
4 is strictly increasing on I.
Answer

We have,

j"{x}—{}:Lﬁ—l = x ==l
x°

The points x = 1 and x = —1 divide the real line in three disjoint intervals i.e.,

(—o0,~1),(=1, 1), and [I, o)

In interval (=1, 1), it is observed that:
=l<x<l
= x <l

1

== ]la—, x%0
o

=1-

1
— <), x=0
X

s x)=1 —L, <0on (-1, 1)~ {f}}
X .

(~1.1)~{0)

= fis strictly decreasing on

In intervals{_x’_” and {1, m}, it is observed that:
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y==lorl<x

—=x =1
== 1> lw

X

1
===

-

X

.'.f’(x}:l l_ﬂ.“.-«ﬂrm (—oo, ]] and (1. =).

X

= fis strictly increasing on

Hence, function fis strictly increasing in interval I disjoint from (-1, 1).

Hence, the given result is proved.

0,
Prove that the function f given by f(x) = log sin x is strictly increasing on L

i A

L
strictly decreasing on* 2 )
Answer

We have,

f(x)=logsinx

‘_f"{.‘r}= ——cosx=cotx
smn.x
S
0, —

; L 2)
In interval

~ fis strictly increasing in "

S'(x)=cotx=0.

(—e0, 1)and(]1, 'r}

k| 2

‘and
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I A
I | f'(x)=cotx<0.

Ininterval 2 4

i
gy |_
~fis strictly decreasing in* 2

i

Prove that the function f given by f(x) = log cos x is strictly decreasing on *

r’in“].

strictly increasing on W2
Answer

We have,

f(x)=logcosx

]
Sfx)=——(-sinx)=-tanx
f'(x)= )
N
0, ;]. tanx >0= —tanx <0,
Ininterval~ <
i "-I
S f(x)<0on | 0, T
2)

b,

~fis strictly decreasing on*

1 p'
—, |, tanx <0 = —tanx = 0.
In interval J
i 3
" i
S f'(x)=0on | - n
\ 2 g

0,

b2 | S

“and
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1 K
—, 7
~fis strictly increasing on* ‘.

=) 3 _3- 2 ¥ —
Prove that the function given by f{.r] g v+ 3x =100 is increasing in R.
Answer

We have,

f(x)=x"=3x" +3x-100

S(x)=3x"—6x+3
=3(x"—2x+1)
=3(x-1)

For any xeR, (x — 1) > 0.

Thus, J {r) is always positive in R.

Hence, the given function (f) is increasing in R.

. . . 1= :J_".. . - -
The interval in which ¥ =% ¢ s increasing is

(~,0) (2.)

(A)

Answer

(B) (=2, 0) (C) (D) (0, 2)

We have,

y=xe"
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dy 5 _u !
2 e e = xe (2-x)
el
v
f\\hm.'.—'1 =0.
dx

= x=0andx=2
The points x = 0 and x = 2 divide the real line into three disjoint intervals

e_,[—w:, 0), (0, 2), and (2, ).

— 7 U 5 g
In intervals[ ©, 'U}and{-. E}'j {I}{ 0ase is always positive.

~f is decreasing on{_x’ 0)and (2, ).

In interval (O, 2),"? “} > 0.

- fis strictly increasing on (0, 2).

Hence, fis strictly increasing in interval (0, 2).

The correct answer is D.

Page 34 of 138



Class XII Chapter 6 — Application of Derivatives Maths

Find the slope of the tangent to the curve y = 3x* — 4x at x = 4.
Answer
The given curve is y = 3x* — 4x.

Then, the slope of the tangent to the given curve at x = 4 is given by,

"‘“—‘} =12x'—4]  =12(4) -4=12(64)-4 =764
dx |, o=
- x=1
Find the slope of the tangent to the curve ¥ —2 , X # 2atx=10.
Answer
x—1

y=
The given curve is x—=2,
cdv_(x=2)(1)-(x-1)(1)
oy (x-2)

=.1:—2—.1'+1= -1
(v-2f  (v-2)

Thus, the slope of the tangent at x = 10 is given by,

ﬂl i L S
del, (x-2) ] (10-2) o4

=1

Hence, the slope of the tangent at x = 10 is 64

Find the slope of the tangent to curve y = x> — x + 1 at the point whose x-coordinate is
2.

Answer
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— 3 .
The given curve is¥ =+ ~* +1
dy 5
So——=3x" -1
dx

@l
x [E Y .

[
The slope of the tangent to a curve at (xg, Vo) is

It is given that xo = 2.

Hence, the slope of the tangent at the point where the x-coordinate is 2 is given by,

dy 1 1
DI 23 -1]  =3(2) -1=12-1=11
d.r—‘lﬁ -I‘” (2)

Find the slope of the tangent to the curve y = x> — 3x + 2 at the point whose x-

coordinate is 3.

Answer

. - T
The given curve sy =¥ 3x+ =.

Cdy

o =3x7 =3
o

@l
1{1 [ETY .

o
The slope of the tangent to a curve at (xg, Vo) is

Hence, the slope of the tangent at the point where the x-coordinate is 3 is given by,

ﬂ} =3x’-3] =3(3)'-3=27-3=24

dx

Find the slope of the normal to the curve x = acos>6, y = asin®0 at

Answer

It is given that x = acos@ and y = asin’6.
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I 1 . AP
ﬁ =3acos’ @(-sin@)=-3acos’ Osind

D _ 3gsin’ A (cosd)
di

'd

dy
dy L dﬂ) 3asin® Beosd sin @
So—=—= = —_— = =—tan#
d [a{rJ —3acos’ #sind  cosd
de
g="
Therefore, the slope of the tangent at 4is given by,

dy n
i} =—tand] - =—tan— =1
- o] 2

dx

.,
& =— 1is given by,
Hence, the slope of the normal at

1 -1

1
slope of the tangent at & = T

Find the slope of the normal to the curve x = 1 — a sin 8, y = b cos? at

Answer

It is given that x = 1 — a sin 8 and y = b cos?6.

h : . .
o gcos® and @ _ 2bhcosB(—sin®)=-2bsinDcos O
B db

(4]
dv | a’EJ ~2hsinBecos® 2k
= o= =—sinf
dx [u’.\-_ | —acos0 a
df )
="
Therefore, the slope of the tangent at 2is given by,
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.r.n-} 2h . } 2b . m 2b
— =—sind =—s5in—=—
PR | N 2

dx

. .
# =— 1s given by,
Hence, the slope of the normal at

1 | ¢

ooy

. n
slope of the tangent at & =

Find points at which the tangent to the curve y = x> — 3x> — 9x + 7 is parallel to the x-
axis.
Answer

P e RV + 7
The equation of the given curve is¥ =% 3x7=9x+7.

::—L: 3x* —6x-9
Now, the tangent is parallel to the x-axis if the slope of the tangent is zero.
L3 —6x—9=0=x"-2x-3=0

=(x=3)(x+1)=0

= x=3orx=-1
Whenx =3,y=(3)°-33B)?-9@B3)+7=27-27-27+7=-20.
Whenx =-1,y=(-1®-3(-1)?-9(-1)+7=-1-3+4+9+7=12.
Hence, the points at which the tangent is parallel to the x-axis are (3, —20) and
(-1, 12).

Find a point on the curve y = (x — 2)? at which the tangent is parallel to the chord
joining the points (2, 0) and (4, 4).

Answer

If a tangent is parallel to the chord joining the points (2, 0) and (4, 4), then the slope of
the tangent = the slope of the chord.
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=
o=

— 4 _2
The slope of the chord is 4-2 2

Now, the slope of the tangent to the given curve at a point (x, y) is given by,
dy
o =
Since the slope of the tangent = slope of the chord, we have:
2(x- 2} =2

= x—2=l=x=3

Whenx=3, y=(3-2)' =1.

2(x-2)

Hence, the required pointis (3, 1).

Find the point on the curve y = x> — 11x + 5 at which the tangentis y = x — 11.
Answer

The equation of the given curveis y = x> — 11x + 5.

The equation of the tangent to the given curve is given as y = x — 11 (which is of the

formy = mx + c¢).

~Slope of the tangent = 1

Now, the slope of the tangent to the given curve at the point (x, y) is given by,

%:313 11
Then, we have:
3 -11=1
=3x" =12
=x =4

= x=1%2

Whenx=2,y=(2)°-11(2)+5=8-22+5= -9,
Whenx = -2,y =(-2)®-11(-2)+5=-8+22+5 = 19.
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Hence, the required points are (2, —9) and (-2, 19).

Find the equation of all lines having slope —1 that are tangents to the curve

V= ,x=l
x—1
Answer
1
y=— x=I
The equation of the given curve is x—1

The slope of the tangents to the given curve at any point (x, y) is given by,
dv 1
de (x-1)

If the slope of the tangent is —1, then we have:
1

(x-1)

1

—(x—-1) =1
= x—1==]
= x=2,1

Whenx =0,y =-1andwhenx =2,y =1.
Thus, there are two tangents to the given curve having slope —1. These are passing

through the points (0, —1) and (2, 1).

~The equation of the tangent through (0, —1) is given by,

y=(-1)=-1(x-0)
= y+l=—x
= y+x+1=0
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~The equation of the tangent through (2, 1) is given by,

y—-1=-1(x-2)

>y—-—1=-x+2

=>y+x-3=0

Hence, the equations of the required linesarey + x+ 1 =0andy + x — 3 = 0.

Find the equation of all lines having slope 2 which are tangents to the

curve v—3

Answer

¥ Lx#3
The equation of the given curve is v—3

The slope of the tangent to the given curve at any point (x, y) is given by,

dv _ I
dx (x—3)

5

If the slope of the tangent is 2, then we have:

-1 s
(x=3)
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This is not possible since the L.H.5. is positive while the R.H.S. is negative.

Hence, there is no tangent to the given curve having slope 2.

Find the equations of all lines having slope 0 which are tangent to the curve

1
V==
x-2x+3

Answer
|
Y=
The equation of the given curve is ¥ —2x+3

The slope of the tangent to the given curve at any point (x, y) is given by,
dv  —(2x-2)  -2(x-1)
dx {3'3—2x+3]_ {x3—2.1'+3:}_

If the slope of the tangent is 0, then we have:

-2(x-1) o
(.r: —21—3}_
= -2(x-1)=0
= =1
1 1
When x = 1, 1J=|—2+3=§-

A1

(o
),

~The equation of the tangent through s given by,
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1
p——=0{x-1
)
=y l:{‘]
2
|
= y=
T2

2| =

Find points on the curve 9 16 at which the tangents are
(i) parallel to x-axis (ii) parallel to y-axis

Answer

2 2
R
1

The equation of the given curve is 9 16
On differentiating both sides with respect to x, we have:
2x 2v dy
_+ _—— =
9 16 dr
dv —l6x
= —=
dx 9y

0

—16x _

0

(i) The tangent is parallel to the x-axis if the slope of the tangent is i.e., 0 9y

which is possible if x = 0.

Then, 9 16 forx=20

=y =16= y=1=4

Hence, the points at which the tangents are parallel to the x-axis are
(0, 4) and (0, — 4).
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(ii) The tangent is parallel to the y-axis if the slope of the normal is 0, which
-1 Gy
—\:—'1= ]
—16.rJ lox

Oy

gives[ =>y=0.

Then, 9 16 fory = 0.

= x=43

Hence, the points at which the tangents are parallel to the y-axis are
(3,0) and (- 3, 0).

Find the equations of the tangent and normal to the given curves at the indicated points:
()y =x*-6x>+ 13x* — 10x + 5 at (0, 5)
(i) y = x* — 6x> + 13x> — 10x + 5 at (1, 3)
(iiy=x>at (1, 1)
(iv) y = x* at (0, 0)
——_
(v) x=cost, y =sintat 4
Answer
(i) The equation of the curve is y = x* — 6x> + 13x> — 10x + 5.

On differentiating with respect to x, we get:

Y 4 185 +26x-10
X

5] o

{A'I.'f (i, &)

Thus, the slope of the tangent at (0, 5) is —10. The equation of the tangent is given as:
y—5=-10(x - 0)
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S>y—-5=—10x

=>10x+y=5

=1 1

Slope of the tangent at (0, 5) 10

The slope of the normal at (0, 5) is
Therefore, the equation of the normal at (0, 5) is given as:

|
—5=—(x=0
y=5=15(x=0)

= 10y-50=x
= x—=10y+50=10

(ii) The equation of the curve is y = x* — 6x> + 13x*> — 10x + 5.
On differentiating with respect to x, we get:

ﬁ =4y’ —18x" +26x—10
dx

dy

} =4-18+26-10=2
dx |, 5

Thus, the slope of the tangent at (1, 3) is 2. The equation of the tangent is given as:
y—3=2(x-1)

= y-3=2x-2

= y=2x+1

-1 -1

Slope of the tangent at (1,3) 2

The slope of the normal at (1, 3) is

Therefore, the equation of the normal at (1, 3) is given as:
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v—3 :—%{r— 1)

= 2y—6=—-x+1

=x+2y-7=0

(iii) The equation of the curve is y = x°.

On differentiating with respect to x, we get:

dv _

3y

dx

dv 2

: =3{1) =3

dx i|-;|. 1 { }
Thus, the slope of the tangent at (1, 1) is 3 and the equation of the tangent is given as:
y-1=3(x-1)
= y=3x-2

-1 =]

The slope of the normal at (1, 1) is Slope of thetangent at (1, 1) 3

Therefore, the equation of the normal at (1, 1) is given as:
y—1 _—I{ x—1)
" 3 =

= 3y-3=—x+I

= x+3y=-4=0

(iv) The equation of the curve is y = x°.

On differentiating with respect to x, we get:
dv _
dx
e

e —0
dx (0, 0

2x

Thus, the slope of the tangent at (0, 0) is 0 and the equation of the tangent is given as:
y—0=0(x-0)

=>y=0
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-1 1

Slope of the tangent at (0, 0) - 0

The slope of the normal at (0, 0) is
defined.

Therefore, the equation of the normal at (xo, yo) = (0, 0) is given by

, which is not

x=x,=0
(v) The equation of the curve is x = cos t, y = sin t.

x=cost and y =sinf

el . dy
L— = =8I, —— =C0581
I3 i
r“af;r]
LAy _\dr)_ cost | .,
x [dx\'| sin ¢
dt |
dy

T
t=—
OThe slope of the tangent at 4is 1.

i),

-

I—E ie at“L
. 4 vy \IIIIEe

Thus, the equation of the tangent to the given curve a

::~x+vq»'—v'E=ﬂ

] =1.

i=

T
—  Slope of the tangent at 1 = T
The slope of the normal at 4is 4
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-

fEicat[rL ]
4 T 2 <

Therefore, the equation of the normal to the given curve at
|
y —=1| X —.—]
J2 Lo V2

= X=y

Find the equation of the tangent line to the curve y = x> — 2x + 7 which is
(a) parallel to the line2x -y +9=0
(b) perpendicular to the line 5y — 15x = 13.

Answer

.
The equation of the given curve ish =+ 2x+7 .

On differentiating with respect to x, we get:
dy

E:
(a) The equation of the lineis 2x — y + 9 = 0.

2x=-2

2x—-y+9=00y=2x+9

This is of the form y = mx + c.

OSlope of the line = 2

If a tangent is parallel to the line 2x — y + 9 = 0, then the slope of the tangent is equal
to the slope of the line.

Therefore, we have:

2=2x-2
= 2x=4
=x=2
Now, x = 2

“y=4-4+7=7
Thus, the equation of the tangent passing through (2, 7) is given by,
y=T=2(x-2)

= y—2x-3=0
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Hence, the equation of the tangent line to the given curve (which is parallel to line 2x —

y+9=0)isV2¥-3=0

(b) The equation of the line is 5y — 15x = 13.
. 13
V=3X4+—
5y — 15x =130 5
This is of the form y = mx + c.
[OSlope of the line = 3
If a tangent is perpendicular to the line 5y — 15x = 13, then the slope of the tangent is
-1 -1
slope of the line 3

25 10 7 25-60+252 217

36 6 36 36
(5 217)
Thus, the equation of the tangent passing through " 6 36 is given by,
217 15
p———=—=l x——
36 ”at 6
3oy =217
6y=217_-1, 6x—5)
36 18

=36y -217=-2(6x-5)
—361-217=-12x+10
—36y+12x—227=0
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Hence, the equation of the tangent line to the given curve (which is perpendicular to line

5y — 15x = 13) isﬁfﬂﬂ1-‘+llr—22? —[]'.

Show that the tangents to the curve y = 7x> + 11 at the points where x = 2 and x = -2
are parallel.
Answer
The equation of the given curve is y = 7x° + 11.
dy

L= =21x"
el

3 . \
The slope of the tangent to a curve at (xg, Vo) is LA
Therefore, the slope of the tangent at the point where x = 2 is given by,

dv A 2
— =21(2) =584
uf'r]. ; (2)

It is observed that the slopes of the tangents at the points where x = 2 and x = -2 are
equal.

Hence, the two tangents are parallel.

Find the points on the curve y = x* at which the slope of the tangent is equal to the y-
coordinate of the point.
Answer
The equation of the given curve is y = x°.
dy ,
E =3x

The slope of the tangent at the point (X, y) is given by,
Ay .\
& =3x

d‘lr [x.x)

When the slope of the tangent is equal to the y-coordinate of the point, then y = 3x°.

Also, we have y = x°.
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03x% = x°
Ox*(x—-3)=0
Ox=0,x=3

When x = 0, then y = 0 and when x = 3, then y = 3(3)% = 27.
Hence, the required points are (0, 0) and (3, 27).

For the curve y = 4x> — 2x°, find all the points at which the tangents passes through the
origin.

Answer

The equation of the given curve is y = 4x°> — 2x°.

;ir =12x" -10x"

Therefore, the slope of the tangent at a point (x, y) is 12x*> — 10x*.

The equation of the tangent at (x, y) is given by,
V—y=(12x"-10x" )(X - x) (1)

When the tangent passes through the origin (0, 0), then X = Y = 0.
Therefore, equation (1) reduces to:

=y :{]2.1:: ~10x"* ]{—_1:}

y=12x"-10x°

Also, we have’ = 4x' -2,

1207 —10x° = 45" = 2x°

= 8x" —8x' =0

=y —x =0

= .r"{_‘r:' —]}:G

= x=0, =1

When x = 0, y =4(D}- —2(0) =0.

Whenx =1,y =4(1)>-2 (1)’ = 2.
When x = =1,y =4 (-1) —= 2 (-1)°> = -2.
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Hence, the required points are (0, 0), (1, 2), and (-1, —-2).

Find the points on the curve x*> + y* — 2x — 3 = 0 at which the tangents are parallel to
the x-axis.

Answer

The equation of the given curve is x> + y?> — 2x — 3 = 0.

On differentiating with respect to x, we have:

2x+ le'ﬁ— 2=10
dx
dy
= y—=Il-x
dx
ﬂ l-x
dr v

Now, the tangents are parallel to the x-axis if the slope of the tangent is 0.

E 0= l-x=0=x=1
y
But, x> + y* — 2x — 3 =0 for x = 1.

—:"y2=4|:|.]'l_+1

Hence, the points at which the tangents are parallel to the x-axis are (1, 2) and (1, —2).

Find the equation of the normal at the point (am?, am?®) for the curve ay? = x°.
Answer
The equation of the given curve is ay? = x>.

On differentiating with respect to x, we have:

clx
de 2a
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]
A Jyon)

dr
The slope of a tangent to the curve at (xq, ¥o) is

= The slope of the tangent to the given curve at (am?, am?) is

o -

d_1i| ~ J(M;E}: 3dm3m
(s, - Ea{am‘} 2a'mt 2

O Slope of normal at (am?, am?®)
1 2

slope of the tangent at (c.rm'ﬁ. um"] 3m

Hence, the equation of the normal at (am?, am?) is given by,
2 71

—(_1' wu'}

y — am3 = 3m

= 3my —3am® = -2x+2am’

= 2x + 3my am:{ﬁ t Bm:}: 0

Find the equation of the normals to the curve y = x> + 2x + 6 which are parallel to the
linex + 14y + 4 = 0.

Answer

The equation of the given curve is y = x> + 2x + 6.

The slope of the tangent to the given curve at any point (x, y) is given by,

-

=3x +2

v
dv
[0 Slope of the normal to the given curve at any point (x, y)
1
B Slope of the tangent at the point (x, v)
-1
37 +2

The equation of the given lineis x + 14y + 4 = 0.
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l 4
X+ 14y +4 =00 - ﬁj ]_4(which is of the form y = mx + ¢)
-1
OSlope of the given line = 14
If the normal is parallel to the line, then we must have the slope of the normal being
equal to the slope of the line.

-1 -1

“rt2 14
= 3x" +2=14
= 3x" =12

= x'=4

= x =22

Whenx =2,y=8+4+ 6 = 18.
Whenx=-2,y=-8-4+6 = —6.

-1
Therefore, there are two normals to the given curve with slope 14 and passing through
the points (2, 18) and (-2, —6).
Thus, the equation of the normal through (2, 18) is given by,

y—18=—(x-2
y-18=—(x-2)
= 14y-252=-x+12
= x+14y-254=0

And, the equation of the normal through (-2, —6) is given by,

y-(-6)=—[x-(-2)]

= y+o=—x+2

y+6=—(x+2)
= 14y +84=—x-12

= x+1dp+86=0

Hence, the equations of the normals to the given curve (which are parallel to the given

line) are * +14y—254=0and x+14y+86=0.
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Find the equations of the tangent and normal to the parabola y? = 4ax at the point (at?,
2at).

Answer

The equation of the given parabola is y? = 4ax.

On differentiating y? = 4ax with respect to x, we have:

2_1-'£—4a
v
dv  2a
oy
@] _2a_1
(ar’, 2ar) . dv ). 2at 1

OThe slope of the tangent at is

. [ufj, Zcrr}I_ .
Then, the equation of the tangent at is given by,
1 .
—(.r -:z.f"}
y — 2at =
= tv—2at* = x—at’

=y = x+at

(uf' . ﬁ:I}I_ .
Now, the slope of the normal at is given by,
-1
Slope of the tangent at { at’, Emf]

=—f

Thus, the equation of the normal at (at?, 2at) is given as:
v=2at = .r(.r a.f:]
= y—2at =—tx+at’

= y=—tx+2at +at’

Prove that the curves x = y? and xy = k cut at right angles if 8k*> = 1. [Hint: Two curves
intersect at right angle if the tangents to the curves at the point of intersection are

perpendicular to each other.]
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Answer
The equations of the given curves are given as¥ =V and xy = k.
Putting x = y? in xy = k, we get:
|

p=k=yv=k*

r=k"

{z |
ke, ff-‘]

Thus, the point of intersection of the given curves is "

Differentiating x = y? with respect to x, we have:

dv dy 1
1=2y—=—=—
dv v 2y
oz 1 ﬁ _ 1
S T
Therefore, the slope of the tangent to the curve x = y?at" s '
On differentiating xy = k with respect to x, we have:
. d. —_
ey _1?:{}::’;}:—}
v dy x
2 !
k*, k-‘]
[0 Slope of the tangent to the curve xy = kat" “is given by,
|
“’_‘} _ —_J:} __kF_-
dbx |a.r; X |?il k kl

We know that two curves intersect at right angles if the tangents to the curves at the
o
k*, k7
point of intersection i.e., at" 4 are perpendicular to each other.
This implies that we should have the product of the tangents as — 1.

Thus, the given two curves cut at right angles if the product of the slopes of their

respective tangents at \ Sis —1.
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V27 k)

= 2k3 =1

SEEAY _
=2k | =(1)
l'x /I

= 8k* =1

Hence, the given two curves cut at right angels if 8k* = 1.

¥

x _vJ
Find the equations of the tangent and normal to the hyperbola @ b at the

['Tn\ Yo } )

point
Answer
e . J_,: L
Differentiating a b with respect to x, we have:
2x 2yay
=2 g
a- b odx
2y dv  2x
b ody o
dv  bx
de  a’)
i) B hl.t,,
Xpe V dx . v
Therefore, the slope of the tangent atII Yo '1"}is F ) 4o
. (X, v ).
Then, the equation of the tangent at is given by,
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B hz.ru )
Y=y, = ae},u{-'f x,)

- 21 g2 I -
= a VY, —ayy, =b XX b Xy

= bixx, —a’yy, —b'xl +a’yl =0

xx, w, [x _ R L ST T
= — _b_z_(?—?}_ 0 [On dividing both sides by ah ]
. 2 2
SN T Y (.. ) lies on the hyperbola A A
a b a b
XX, Wy I
i b

{'xm Ya }

Now, the slope of the normal at is given by,
-1 _ _”!}'—u
Slope of the tangent at (x,, v,)  /’x,
. (s ¥o) i
Hence, the equation of the normal at "7is given by,

—a'v,
Y—W= hg- {.T—I”}

o

— yY=¥ _ —{.T—_T“}

ay b x,
V=¥ X=X,

::»';"+|: - "}:{]
ay, b'x,

—

Find the equation of the tangent to the curve ' = V3¥=2 Lhich is parallel to the line 4x
-2y +5=0.
Answer

The equation of the given curve is* ~ 3x-2.

The slope of the tangent to the given curve at any point (x, y) is given by,
dv 3

dx 2B3x-2
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The equation of the given lineis 4x — 2y + 5 = 0.
'1.1 p— 2_‘[’ i

4x -2y +5=00

OSlope of the line = 2

Now, the tangent to the given curve is parallel to the line 4x — 2y — 5 = 0 if the slope of

=mx+c)

2 | Ln

(which is of the form

the tangent is equal to the slope of the line.
- =2

23x-2

= 3x-2=

£ |

9
= 3x—-2=—
16

i
9,4
16 16
41
= X =—

43

= 3x

When x

41 I'“[:H] [41 [41-32 [9 3
= . V= —2: —2— = = .
\’ V16 T 16 4

487 7| 8

(41 3)

CJEquation of the tangent passing through the point \48 4) is given by,
3. 4l ]

_L'——=2| X——

4 48
:>4_5-'—3 _2[4B.T—4|]
-+ 48

48x 41
:>4J.-_3:3"—

= 24y -18 = 48x - 41
= 48x-24y =123

Hence, the equation of the required tangent is 4Bx—24y = 23.

The slope of the normal to the curve y = 2x*> + 3sinxat x = 0 is
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1 1
(A)3(B) 3(C)-3(D) 3
Answer

v= 7% 4 3sin v
The equation of the given curve ist = =¥ 3sinx .

Slope of the tangent to the given curve at x = 0 is given by,
ﬁ
dx

Hence, the slope of the normal to the given curve at x = 0 is

} =4x+3cosx|  =0+3cos0=3
y=A}

—1 -1
Slope of the tangentatx =0 3

The correct answer is D.

The line y = x + 1 is a tangent to the curve y? = 4x at the point
(A) (1, 2) (B) (2, 1) (C) (1, =2) (D) (-1, 2)
Answer

The equation of the given curve is? =¥

Differentiating with respect to x, we have:

2 Ld—‘ =4 = d—L = E
© o de
Therefore, the slope of the tangent to the given curve at any point (x, y) is given by,
dv 2
acy

The given line is y = x + 1 (which is of the form y = mx + ¢)

1 Slope of the line = 1

The line y = x + 1 is a tangent to the given curve if the slope of the line is equal to the
slope of the tangent. Also, the line must intersect the curve.

Thus, we must have:
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=1

= | 2

.-LI:2

U

MNow,y=x+l=x=y-l=x=2-1=1
Hence, the line y = x + 1 is a tangent to the given curve at the point (1, 2).

The correct answer is A.

Page 61 of 138



Class XII Chapter 6 — Application of Derivatives Maths

1. Using differentials, find the approximate value of each of the following up to 3 places

of decimal

(i) ‘\"Iﬁ(ii) -q:l]-";]_ﬂ (iii) m

(0.009)5 _ (0.999)i5 (1)

(iv) (v) ( (vi)

(26) iy

(vii) (255)¢ 1y (82)1
(4012 iy (0.0037)2

1 3

(i) (R1.5)4 (xiv) (3.968):
Answer

(i) ‘\.-'I'ﬁ

1
26,57
(x) [65}

vy (B215)5

Consider? = Vx . Let x = 25 and Ax = 0.3.
Then,

Ay =x+Ar—x =253-J25=/253-5

=253 =Ay+5

Now, dy is approximately equal to Ay and is given by,

W.f‘tx = Z\I,fr; (0.3) [as;-‘ = x?—l

Iy
cﬁ’—|§;

X

-1 (03)=0.03

2425

Hence, the approximate value of”‘-‘lzj':!I is 0.03 + 5 = 5.03.

(iiy V49.5

Consider? = Jx . Let x = 49 and Ax = 0.5.
Then,
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Ay=v/x+Ax —x =495 -29 = /495 -7
— 495 =7+ Ay

Now, dy is approximately equal to Ay and is given by,

dy = Lj—i]jx _Z%,X{D.S] [asy = \.ﬁ}
| <
=3 J_( = —{0 5)=0.035

Hence, the approximate value of V49.5 is 7+ 0.035 = 7.035.

Consider? =“'I';. Let x = 1 and Ax = — 0.4.
Then,

=-¢'x+ﬁr—u"'._=v'ﬂ~f!—|
— J0.6 =14+ Ay
Now, dy is approximately equal to Ay and is given by,

[ v
dy |\%]M L (Ax) [asy ﬁ]

240 x

%{—ﬂ,-ﬂr}

Hence, the approximate value of V0.6 isl+(-0.2)=1-0.2=0.8.

(ivy (0:009)°

Consider? =% . Let x = 0.008 and Ax = 0.001.
Then,
1 |
Ay :{xmx} —(x } =(0. m::@ ~(0.008): =(0.009): —0.2
|
=(0.009)s =02+Ay

Now, dy is approximately equal to Ay and is given by,
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rd |\|| I 1
uf‘,::[ d—L Axr = I . (,.-h] Eiﬁr‘lf‘=.‘f-;
=1 0001)=22" _ 0,008
3%0.04 0.12

D093
Hence, the approximate value of{u 00 ) is 0.2 + 0.008 = 0.208.

99910

I
. .1,' = {IT}IIJ
Consider .Let x =1 and Ax = —0.001.
Then,

1

1 1
Ay =(x+Ax )i —(x)0 =(0.999 )0 —1
|
—>{ﬂ.'}'}'})m =1+ Ay
Now, dy is approximately equal to Ay and is given by,

dr=( L )ar- m{_‘\_}:‘ (& asy=(3)7]

= %{—f}.f}l’}l] =-0.0001

9099
Hence, the approximate value of{U } is1+ (—0.0001) = 0.9999.
|
i
(vi) {lj-}
I
2 — wib
Consider? =% . Let x = 16 and Ax = —1.
Then,

Ay =(x+ Ax)i —xt = (15)5 ~(16)3 = (15)+ -2
— (15)+ =2+ Ay

Now, dy is approximately equal to Ay and is given by,
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(dy’ I :
dy=| = |Ax =——(Ax) asy=ux*
N g (x) L

— =-0.03125

i
Hence, the approximate value of{lj) is 2 + (—0.03125) = 1.96875.

(winy (26)

|
Consider” (x) .Let x = 27 and Ax = —1.
Then,

1 1

A =(x+ Ax): —(x)5 =(26) ~(27)F =(26): -3

|
=(26): =3+ Ay
Now, dy is approximately equal to Ay and is given by,
) [ I
,;{.;:[d_}‘J Ax = —(Ax) as y = {r]-‘
dx 3{1)5 |
- (-1)=2L=-00370
3(27):

e E
Hence, the approximate value of{'ﬁ} is 3 + (—0.0370) = 2.9629.

(wiity (253)°

1
Consider” {x}é . Let x = 256 and Ax = —1.
Then,
1 1 1 1 1
Ay :(x+.ﬂx}-l —{x]-r :(255}-1 —(Eiﬁ)-l :[255]+ -4
= (255)+ =4+ Ay

Now, dy is approximately equal to Ay and is given by,
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(dy) | [ '
dy=| = |Ax=——(Ax) asy=ux*
N g (x) L

(1) =——=-0.0039
4(256) A
|
i {255}4 i

Hence, the approximate value of “is 4 + (—0.0039) = 3.9961.
) 1
(ix) [82)4

I
Consider? =+
Then,

4
. Let x = 81 and Ax = 1.

Ay =(x+Ax): - (x)i =(82)i —(81)F =(82)¢ -3
= {BE]*I =Ay+3

Now, dy is approximately equal to Ay and is given by,

-"dl'_.\. I B 1
“i]r:| I .."IL\:: : [”UL‘] HSJ:: I4
N () L
Lom=-—1. ﬁ 0.009
agnye 40)

4
Hence, the approximate value ofIiEszj is 3 + 0.009 = 3.0009.

oy (401):

Consider? =% . Let x = 400 and Ax = 1.

Then,
Ay = Jx + Ax —+Jx = 401 - 100 = J401-20
=401 =20+ Ay

Now, dy is approximately equal to Ay and is given by,
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|
.:va=[&ﬁ ]ﬁr= ! {ﬂx] asy=x?
dx 2x
1 1
= ( } =—=0.025
2x20 40

Hence, the approximate value of""q‘m is 20 + 0.025 = 20.025.

(xiy (0:0037)2

Consider? =%, Let x = 0.0036 and Ax = 0.0001.
Then,

1 1 | 1 |
Ay=(x+Ax)? =(x)2 =(0.0037)2 - (0.0036)2 =(0.0037)2 -0.06

1
= (0.0037)2 = 0.06+ Ay

Now, dy is approximately equal to Ay and is given by,

(dy | :
c.‘_'v=|— Ax = ,_[iu] asy=x?
\dx ) 24x |
1
= (0.0001)
2:x0.06
001
_ 0.0001_ 0.00083
.12
1
Thus, the approximate value of{ﬂ'uuj?}; is 0.06 + 0.00083 = 0.06083.
1
2 3
(xii) ['6'57}
1
Consider? =% . Let x = 27 and Ax = —0.43.
Then,

1

Ay =(x+Ax)s —x* =(26.57)F —(27)F =(26.57) -3

I
= (26.57) =3+Ay

Now, dy is approximately equal to Ay and is given by,
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(dy) | ' :
dy = D Ax= . [s"\x] asy=x’
VS 3 ()
1
= 0.43
~0.43
_ 2985 015
27

26,57
Hence, the approximate value of{ 6.5 } is 3 + (—0.015) = 2.984.

iy (81)°

x4

Consider? =% . Let x = 81 and Ax = 0.5.

Then,
Ay =(x+ Ax)t - (x)¢ = (81.5)% —(81)1 =(81.5)1 -3
:>|[!3I.:"r}I4 =3+ Ay

Now, dy is approximately equal to Ay and is given by,

T 1
dv |d—L Ax L[ai‘-..n] as y=x*
'\.dl)'l 4(_1-]_1 L

1 05)=22 ~0.0046

4{3}-‘ 108
1

G4
Hence, the approximate value of{m } is 3+ 0.0046 = 3.0046.

o) (3.968):

¥" Letx = 4 and Ax = — 0.032.

Consider? =*
Then,

3 3 3 ] 3
Ay =(x+Ax)? —x? =(3.968)2 —(4)2 =(3.968): -8

3

= (3.968): =8+ Ay
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Now, dy is approximately equal to Ay and is given by,

dy —|kdi: . =%(A}I (Ax) as y=x?

- 5{3}{ 0.032)

= —0.096
3
: (3.968)2
Hence, the approximate value of is 8 + (—0.096) = 7.904.
1
32.15)
(xv) (32.15)
|
Consider? =% . Let x = 32 and Ax = 0.15.
Then,

1 | 1 |
Ay =(x+Ax)s —x* =(32.15)5 —(32)s =(32.15): -
= (32.15) =2+ Ay

Now, dy is approximately equal to Ay and is given by,

[ I
dv —|£Prl Ax = ]4-[3‘\1] as y=x’
.\(l.,l 5{).'}5 L
= 0.1
"\» { w
:E—DﬂﬂlET
0

32.15)5
Hence, the approximate value ofII 2] } is 2 + 0.00187 = 2.00187.

Find the approximate value of f (2.01), where f (x) = 4x*> + 5x + 2
Answer

Let x = 2 and Ax = 0.01. Then, we have:

f(2.01) = f(x + Ax) = 4(x + Ax)* + 5(x + Ax) + 2

Now, Ay = f(x + Ax) — f(x)

Page 69 of 138



Class XII Chapter 6 — Application of Derivatives Maths

O f(x + Ax) = f(x) + Ay

() + () Ax (as dx = Ax)
= f(2.01) = (4x° +5x+2) + (8x+5) Ax
=[4(2) +5(2)+2]+[8(2)+5](0.01) [as x =2, Ax=0.01]
=(16410+2)+(16+5)(0.01)
=28+ (21)(0.01)
= 28+0.21
=282

Hence, the approximate value of f(2.01) is 28.21.

Find the approximate value of f (5.001), where f (x) = x> — 7x* + 15.

Answer
Let x = 5 and Ax = 0.001. Then, we have:

£(5.001) = £ (x+Ax) = (x+ Ax)' =7 (x+ Ax)" +15
Now, Ay = f{x+ ﬂu—}— _f'[,x-}
f{x +Ax)= _fl[x] + Ay

= f{x)+ f(x)-Ax (as dx = Ax)
= [(5.001) = (x" = 7" +15)+(3x" —14x) Ax
- [{5}* ~7(5)° +15} +[3{5]‘2 - |4{5}}{n.ﬂm} [x=5,Ac=0.001]
=(125-175+15)+(75-70)(0.001)
=-35+(5)(0.001)
= -35+0.005
= —34.995

Hence, the approximate value of f (5.001) is —34.995.

Find the approximate change in the volume V of a cube of side x metres caused by

increasing side by 1%.
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Answer
The volume of a cube (V) of side x is given by V = x°.
.~_JV=(‘” Wm
dx )
= {3.\:’];’“

=(3x7)(0.01x) [as 1% of x is 0.01x]
=0.03x"

Hence, the approximate change in the volume of the cube is 0.03x> m>.

Find the approximate change in the surface area of a cube of side x metres caused by
decreasing the side by 1%
Answer

The surface area of a cube (S) of side x is given by S = 6x°.

ds _(dS
=(12x)Ax
=(12x)(0.01x) [as 1% of x is 0.01x]
=0.12x"

Hence, the approximate change in the surface area of the cube is 0.12x* m?.

If the radius of a sphere is measured as 7 m with an error of 0.02m, then find the
approximate error in calculating its volume.

Answer

Let r be the radius of the sphere and Ar be the error in measuring the radius.
Then,

r=7mandAr=0.02m

Now, the volume V of the sphere is given by,
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4_;

V' =—ar

So— =4
dr

v =| ﬁ]m-
\dr
:{4m':]i~.r

]

=4n(7) {ﬂ.ﬂ?] m' =3.92am’

Hence, the approximate error in calculating the volume is 3.92 n m?>.

If the radius of a sphere is measured as 9 m with an error of 0.03 m, then find the
approximate error in calculating in surface area.
Answer
Let r be the radius of the sphere and Ar be the error in measuring the radius.
Then,
r=9mandAr=0.03m
Now, the surface area of the sphere (S) is given by,
S = 4nr?
ds

S —=8mr
dr

EA
) dr )
=(8mr)Ar
=8m(9)(0.03) m*
2.16m m’
Hence, the approximate error in calculating the surface area is 2.16n m?2.

~dS A

If f (x) = 3x*> + 15x + 5, then the approximate value of f (3.02) is
A. 47.66 B. 57.66 C. 67.66 D. 77.66

Answer
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Let x = 3 and Ax = 0.02. Then, we have:
£(3.02)= f(x+Ax)=3(x+Ax)" +15(x+ Ax) +5
Now, Av = f(x+Ax)— f(x)
= f(x+Ax)= f(x)+ Ay
= f(x)+ f(x)Ax (As dx = Ax)
= [(3.02) = (3x" +15x+5) +(6x+15) Ax
=[3(3)" +15(3)+5]+[6(3)+15](0.02) [Asx=3, Ax=002]
=(27+45+5)+(18+15)(0.02)
= 77+(33)(0.02)
=77+0.66
=177.66
Hence, the approximate value of f(3.02) is 77.66.

The correct answer is D.

The approximate change in the volume of a cube of side x metres caused by increasing
the side by 3% is
A. 0.06 x> m*> B. 0.6 x> m®> C. 0.09 x> m*> D. 0.9 x* m’
Answer
The volume of a cube (V) of side x is given by V = x°.

([ dV
=\ dx }ﬂu‘
= (3x7 ) Ax
=(3x7)(0.03x) [As 3% ofx is 0.03x]
=0.09x" m’

Hence, the approximate change in the volume of the cube is 0.09x> m>.

sodV

The correct answer is C.
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Find the maximum and minimum values, if any, of the following functions given by
(i) f(x) = (2x — 1)* + 3 (ii) f(x) = 9x* + 12x + 2

(i) fix) = =(x = 1)> + 10 (iv) g(x) = x> + 1

Answer

(i) The given function is f(x) = (2x — 1)* + 3.

It can be observed that (2x — 1)? = 0 for every x O R.

Therefore, f(x) = (2x — 1) + 3 = 3 for every x O R.

The minimum value of fis attained when 2x — 1 = 0.

OMinimum value of f= 2/ & 2 ) ‘ =3
Hence, function f does not have a maximum value.
(ii) The given function is f(x) = 9x* + 12x + 2 = (3x + 2)* — 2.
It can be observed that (3x + 2)? > 0 for every x (I R.
Therefore, f(x) = (3x + 2)> — 2 > -2 for every x O R.
The minimum value of fis attained when 3x + 2 = 0.
2

X=—

3x+2=00 3

{ 1\_(3 2] zT 2-2
(5)-0F)2) 2

OMinimum value of f=  *

Hence, function f does not have a maximum value.

(iii) The given function is f(x) = — (x — 1)? + 10.

It can be observed that (x — 1)? > 0 for every x O R.
Therefore, f(x) = — (x — 1)> + 10 < 10 for every x O R.
The maximum value of f is attained when (x — 1) = 0.
x-1)=00x=0

OMaximum value of f= f(1) = — (1 — 1)> + 10 = 10
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Hence, function f does not have a minimum value.
(iv) The given function is g(x) = x*> + 1.

Hence, function g neither has a maximum value nor a minimum value.

Find the maximum and minimum values, if any, of the following functions given by
MNfx)=Ix+2]=-1(i)gx)==-|x+1| +3

(iii) h(x) = sin(2x) + 5 (iv) f(x) = |sin 4x + 3|

WV)h(xX) =x+4,x= (-1,1)

Answer

x+2|—]

(i) fix) =

5

x+2/=0
We know that for every x OO R.

e+2[-1z-1
Therefore, f(x) = for every x 0 R.

. . . x+2[=0
The minimum value of f is attained when .
.¥—~2|=U
== x=-2

=|-72+7/—1==
OMinimum value of f = f(-2) = | 2+'| ] l

Hence, function f does not have a maximum value.

(i gy = 1113

x+1|=0

We know that |_ for every x OO R.

—lx+1]+3<3

Therefore, g(x) = for every x O R.

+1l=0
The maximum value of g is attained when . 1| ( .

x+l|:{l
=y =1

—|=1+1|+3=3
OMaximum value of g = g(—1) = I+1{+3=3

Hence, function g does not have a minimum value.
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(iii) h(x) = sin2x + 5
We know that — 1 < sin 2x < 1.
O-1+4+5<sin2x+5<1+5
O04<sin2x+5<6

Hence, the maximum and minimum values of h are 6 and 4 respectively.

sin4x+3|

(iv) f(x) =
We know that —1 < sin 4x < 1.

O2<sind4x+ 3 <4

D2<sin4x+3|<4

Hence, the maximum and minimum values of f are 4 and 2 respectively.
(VYh(x)=x+1,x0 (-1, 1)

Lo Flax, +1
F
Here, if a point x, is closest to —1, then we find 2 for all xo O (-1, 1).
x +1
R
Also, if x; is closest to 1, then 2 for all x; O (-1, 1).

Hence, function hA(x) has neither maximum nor minimum value in (=1, 1).

Find the local maxima and local minima, if any, of the following functions. Find also the
local maximum and the local minimum values, as the case may be:
(). f(x) = x* (ii). g(x) = x> — 3x
T
X <—
(iii). h(x) = sinx + cos, 0 < 2 (iv). f(x) = sinx —cos x, 0 < x < 2n
(V). fix) = x> — 6x*+ 9x + 15

-
“

g{.\']=£ F—, x>0
(vi). 2 x

E\X)=—
(vii). 2( ) X+ 2

(viii). flx)= I-x, x>0

Answer
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(i) f(x) = X
LX) =2x
MNow,
f(x)=0=x=0

Thus, x = 0 is the only critical point which could possibly be the point of local maxima or

local minima of f.
S(0)=
Therefore, by second derivative test, x = 0 is a point of local minima and local minimum
value of fat x = 0 is f(0) = 0.
(ii) g(x) = x> — 3x

g'(x)=3x"-3

MNow,

We have , which is positive.

g'(x}=l}:>3x:=3:>x=i|

g'(x)
(1)=6
(-

5

g’ } =—-6<0
By second derivative test, x = 1 is a point of local minima and local minimum value of g
atx=1isg(1l) =1*-3 =1 -3 = -2. However,
x = —1 is a point of local maxima and local maximum value of g at
x=-1isg(l)=(-1*-3(-1)=-1+3=2.

L
(i) h(x) = sinx + cosx, 0 < x < 2

K (x) = cosx—sin x

};{J.] |}:>Sill.1f=CDSI:>IHHJC=|:>J:=§F
( )=—'§ll’ll‘ C(‘J‘\T——{’ilﬂ‘k-l-tﬂ‘\‘f}
i

Vool | 2

h*

T
i) VA2 A2 42

A
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T
X==

Therefore, by second derivative test, 4isa point of local maxima and the local
n n n 1

P h[—]—sm—+ccs———+ =/2.

maximum value of h at 4is 4 4 4 2

-

(iv) fix) =sinx —cos x, 0 < x < 2n

o[ (x)=cosx+sinx

. in Tn
f'(x)=0=cosx=—sinx =>tanx=-1=>x T,TC(U,ZH]
f"(x)==sinx+cosx
[EJ —S|n—+c053—ﬂ' L —~2>0
4 4 Jz Jz
n in
— —5|n—+cos— +— J2=0
[ 4 ] 4 Jz
- in
Therefore, by second derivative test, 4 isa point of local maxima and the local
In
X=—
maximum value of f at 4 s
m . am n 1 1
f{—]=sm“}——cos—=—+—=ﬁ. _1::?—?[
4 4 4 V2 2 However, 4 isa point of local minima and

=
Il

?—E f[h W—Sln?—ﬂ—cos?—“=—L_L=_¢'§
the local minimum value of f at 4 L4 4 4 \E e
(V) f(x) = x> — 6x*> + 9x + 15
_.fr{‘f} 3x' —12x+9
[(x)=0 =3(x" -4x+3)=0
=3(x-1)(x-3)=0
=x=1 3
Now, "
(x)=6x-12=6(x-2)
f(1)=6(1-2)=-6<0
f"(3)=6(3-2)=6>0

Page 78 of 138



Class XII Chapter 6 — Application of Derivatives Maths

Therefore, by second derivative test, x = 1 is a point of local maxima and the local
maximum value of fatx =1isf(1) =1 -6 + 9 + 15 = 19. However, x = 3 is a point of
local minima and the local minimum value of fat x = 3 is f(3) = 27 — 54 + 27 + 15 =
15.

g(x = x>0
(vi) 2 x
. 1 2
gl\X)=--—=
(x)=5 -~
Now,
0 2 1 2y -
f = 7] g — = T = =+
g{x} Ewes.x_, 2_:».'( = x=42

Since x > 0, we take x = 2.

Now,

4
.r-‘
; 4 1
g [2]:;:5:,{1

Therefore, by second derivative test, x = 2 is a point of local minima and the local

2 2
—+==1+1=2,
minimum value of g at x = 2 is g(2) =2 2
1
g(x)=—
(vii) X' +2
v —(2x)
S g |[.T;|‘=ﬁ
{_1:' +ZJ
=2x
g'(x)=0=- s=0=x=0
{,\:3 +2}
g'(x)=0.
Now, for values close to x = 0 and to the left of 0, Also, for values close to x =

)<
0 and to the rightofO,E‘ {r} U.
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Therefore, by first derivative test, x = 0 is a point of local maxima and the local
. 1
2(0)is =—.
maximum value of 0+2 2

(iii) Sx)=x1-x, x>0

L x)=Al-x+x- ; ~)=l-x-—=

S ()=l 2m( = s
C2(1-x)-x  2-3x

BTN RN

. 2-3x 2
fx)=0= =l=2-3x=0=x==
{ ] 241-x 3
- - -1
f"(r}_l «.El—r[—,a}—[z—,'}x}[zﬂ]
2 1-x
I
l—x(-3)+(2-3x ( ]
3|
2(1-x)
_—ﬁ{1—x]+[1—3x]
4(1-x)
_ 3x—4
4(1-x):
5
3[ ]—4
) o —
f"(:]: 3 3 P — 45 = 1 3 {{]
3 24z 1%z 1%2
4[]— 4 2 J
3 3 i
2
X=—
Therefore, by second derivative test, Jisa point of local maxima and the local
2
==
maximum value of f at 3is
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f"E]__ h_2_21__2 _2¥
L:a 3V 3 3\3 W3 9

Prove that the following functions do not have maxima or minima:
(i) f(x) = € (ii) g(x) = logx

(i) h(x) = x> + x> + x + 1

Answer

i. We have,

fix) = &

LX) =e

f(x)=0, thene" =0

Now, if . But, the exponential function can never assume 0 for any

value of x.

"(c)=0.

Therefore, there does not exist c[1 R such that"
Hence, function f does not have maxima or minima.

ii. We have,

g(x) = log x

. 1

g (x)=

Sincelog x is defined for a positive number x, g'(x) > 0 for any x.
g'(c)=0

Hence, function g does not have maxima or minima.

Therefore, there does not exist c[d R such that

iii. We have,
h(x)=x>+x*+x+1
S (x) =307+ 20 +1

Now,

,
X =
h(x)=003x*+2x+1=00 6 3
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H(c)=0

Therefore, there does not exist c[1 R such that

Hence, function h does not have maxima or minima.

Find the absolute maximum value and the absolute minimum value of the following

functions in the given intervals:

f(x)=x"xe[-2,2] (i) S(x)=sinx+cosx,xe[0n]

(M
: | . T .9
Sx)=dx——x"xe|-2,—
(iii) 2 L 2
(|V) .f{.‘l':l'={.‘r—1]:+3,.‘s’f:[—3.|]
Answer

(i) The given function is f(x) = x>.
o (x) =3

Now,

f(x)=0 = x=0

Then, we evaluate the value of f at critical point x = 0 and at end points of the interval

[-2, 2].

f0) =0

f(-2) = (=2)° = -8
f2) =(2)®=8

Hence, we can conclude that the absolute maximum value of fon [—-2, 2] is 8 occurring
at x = 2. Also, the absolute minimum value of fon [-2, 2] is —8 occurring at x = —=2.
(ii) The given function is f(x) = sin x + cos x.

o f'(x)=cosx—sinx

MNow,

.y : s
f(x)=0 = smx_msr::*tanx_l:».T_E

x=
Then, we evaluate the value of f at critical point

A

and at the end points of the

interval [0, n].
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(o) T T 1 1 2
_,f[—J= —+ CO8 — \fl'_
4 PR RN RN -3

_f'[ﬂ):sinﬂ+cusﬂ:ﬂ+l:

f(m)=sinn+cosa=0-1=-1

Hence, we can conclude that the absolute maximum value of fon [0, n] is“'ﬁ occurring

b
x=—
at 4 and the absolute minimum value of f on [0, n]is —1 occurring at x = n.
. | I
flx)=4x—=x".
(iii) The given function is 2

f (%) =42 (24) =42

MNow,
f(x)=0 = x=4

Then, we evaluate the value of f at critical point x = 4 and at the end points of the
- 5
2]
3 2
interval- =4,
A R
f(4]|=]f;—5(lﬁ)=lﬁ—ﬁ=ﬁ
: 1,
f [—2] ——8—5[4] =-8§-2=-10

(9Y (9 9y
;’L— 4 —]—l[—J 18—88—] 18-10.125=7.875

2 2} 212
- o
2.2]
Hence, we can conclude that the absolute maximum value of fonlt <-is 8 occurring
- o
2.2]
at x = 4 and the absolute minimum value of fon - “=J1is =10 occurring at x = —2.

f(x)=(x-1) +3

(iv) The given function is"
f'(x)=2(x~1)

Now,
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.f"{,r}=l}_>2(x_ 1)=00x=1

Then, we evaluate the value of f at critical point x = 1 and at the end points of the
interval [-3, 1].

F()=(1-1) +3=0+3=3

F(-3)=(-3-1)+3=16+3=19

Hence, we can conclude that the absolute maximum value of fon [-3, 1] is 19 occurring

at x = =3 and the minimum value of fon [-3, 1] is 3 occurring at x = 1.

Find the maximum profit that a company can make, if the profit function is given by
p(x) = 41 — 24x — 18x?

Answer

The profit function is given as p(x) = 41 — 24x — 18x°.

Sop(x)=-24-36x

p'(x)=-36
MNow,
-24 2
' x)=0 = x=—=-=
P'(x) %3
Also
i =32 "
"—1=-36<0
”3)
2
x=—=
By second derivative test, 3 s the point of local maxima of p.
P ,..\_I
. Maximum profit = ;J[ ;
i O
=41-24 -a—ls =
oAy A
=41+16-8§
=49

Hence, the maximum profit that the company can make is 49 units.
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Flx)=x"14 L,I,x;&(l
X is

Find the intervals in which the function f given by

(i) increasing (ii) decreasing

Answer
. o
I [r} X +x"
i , 3 3" -3
L (x)=3x - =
1 (l} ! x! x
Then, f(x)=0=3x"-3=0=x"=1=x=1%I

Now, the points x = 1 and x = —1 divide the real line into three disjoint intervals

(—e0,~1),(~L1), and (I,20).

i.e.,

(—o0,—1) and (1,) f'(x)=0.

In intervals i.,e., whenx < —1land x > 1,

Thus, when x < —1 and x > 1, fis increasing.

f(x)=<0.

Ininterval (-1, 1) i.e., when -1 < x < 1,

Thus, when -1 < x < 1, fis decreasing.

At what points in the interval [0, 2n], does the function sin 2x attain its maximum value?
Answer

Let f(x) = sin 2x.

S (x)=2c0s2x

MNow,
f'(x)=0 = cos2x=0
- T 3n 5n Tn
=2x==, —, —, —
2 2 2 2
n 3nm Snm Tn
= X=y Ty T T
4 4 4 4
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o in St Tn
Then, we evaluate the values of f at critical points 4 4 4 4 and at the end

points of the interval [0, 2n].

. . 3 3
f kil =smE=Lf( jr[]—sm—ﬂ -1
4 2 L 4 2

n . Om Tn . In
f[T]—sm?ﬂ f(4]—sm7=—l

f(0)=sin0=0, f(2n)=sin2n =0

Hence, we can conclude that the absolute maximum value of fon [0, 2n] is occurring

T
X=— xX=

at 4 and

.b||-';|"

What is the maximum value of the function sin x + cos x?
Answer

Let f(x) = sin x + cos x.
o f'(x)=cosx—sinx
Sm

f( =0 = sinx=cosx=tanx=1=x= I

-r-»|:=1

Fi "{).] =—sinx—cosx= —[sin x +cn5x]

Mx . . . L .
Now, / { JW|II be negative when (sin x + cos x) is positive i.e., when sin x and cos x

are both positive. Also, we know that sin x and cos x both are positive in the first

A

Wy xe|0,—
quadrant. Then, J I“Jwill be negative when [ 2) .

x=
Thus, we consider

.f'”[:]=—[sinz+umﬂ: [j_]: -2 <0

A
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T
=

OBy second derivative test, f will be the maximum at 4 and the maximum value of f

f'|rn\| 5in -~ + 008~ I % | 2
=17 —teB— ==K === =N
is w4/ 4 4 J2 N2 42

Find the maximum value of 2x> — 24x + 107 in the interval [1, 3]. Find the maximum
value of the same function in [-3, —1].

Answer

Let f(x) = 2x°> — 24x + 107.

L ff(x)=6x"-24=6(x"-4)
Now,

f(x)=0 =26(x"-4)=0=>r =4=x=12

We first consider the interval [1, 3].

Then, we evaluate the value of f at the critical point x = 2 O [1, 3] and at the end points
of the interval [1, 3].

f(2) = 2(8) — 24(2) + 107 =16 — 48 + 107 = 75

f(1) =2(1) — 24(1) + 107 =2 - 24 + 107 = 85

f(3) = 2(27) — 24(3) + 107 =54 — 72 + 107 = 89

Hence, the absolute maximum value of f(x) in the interval [1, 3] is 89 occurring at x =
3.

Next, we consider the interval [-3, —1].

Evaluate the value of f at the critical point x = =2 [0 [—-3, —1] and at the end points of
the interval [1, 3].

f(—=3) =2 (-27) — 24(-3) + 107 = =54 + 72 + 107 = 125

f(-1)=2(-1) - 24 (-1)+ 107 = =2 + 24 + 107 = 129

f(-2) =2(-8) — 24 (-2) + 107 = —16 + 48 + 107 = 139

Hence, the absolute maximum value of f(x) in the interval [-3, —1] is 139 occurring at x
= -2.
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It is given that at x = 1, the function x*— 62x> + ax + 9 attains its maximum value, on
the interval [0, 2]. Find the value of a.

Answer

Let f(x) = x* — 62x% + ax + 9.

s (x)=4x"-124x+a

It is given that function f attains its maximum value on the interval [0, 2] at x = 1.

.:_f"{]}:t’}
=4-124+a=0
= a=120

Hence, the value of a is 120.

Find the maximum and minimum values of x + sin 2x on [0, 2n].
Answer

Let f(x) = x + sin 2x.

L f(x)=1+2cos2x
't I n ' In
Nm&j[r}zﬂ&umﬂxz——z—mm—zcmsn—— =Cos—
2 3 3) 3
- 2n
2x=2n +— nel
3
n
=x=mt—, nelk
3
m 2n 4w Sm
=>x==,""——.—¢[0.2r]
I3 3 3
T 2m 4m Sm
X=—,—, —
33 3 3

Then, we evaluate the value of f at critical points and at the end points

of the interval [0, 2n].
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Jf' EI|:—+Sin_;]I:E+£
3 2
(2z) 2r . 4n 2n B
— |=—+sin =———

'f.\fi J 3 3 i
(a4 dn Bt dn 3

Jf —|=—_ Nn— = — 4 —
33 3 3 2
(3n) Sn . 10m 5m /3

! —|=—+5111T———

Hence, we can conclude that the absolute maximum value of f(x) in the interval [0, 2n]
is 2n occurring at x = 2n and the absolute minimum value of f{(x) in the interval [0, 2n]

is 0 occurring at x = 0.

Find two numbers whose sum is 24 and whose product is as large as possible.
Answer
Let one number be x. Then, the other number is (24 — x).

Let P(x) denote the product of the two numbers. Thus, we have:

P(x)=x(24-x)=24x-x

P (x)=24-2x
P'(x)=-2

Now,

P(x)=0 = x=12
Also,
P(12)=-2<0

0By second derivative test, x = 12 is the point of local maxima of P. Hence, the product

of the numbers is the maximum when the numbers are 12 and 24 — 12 = 12.

Find two positive numbers x and y such that x + y = 60 and xy? is maximum.
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Answer

The two numbers are x and y such that x + y = 60.

Oy =60-x

Let f(x) = xy*>

= f(x) ,r{frﬂ—,\']j

(%)= (60-x) =3x(60-x)°

= (60-x) [60—x—3x]
=(60-x)" (60-4x)

And, f" [ = -2(60 - x)(60-4x) - 4(60-x)’
~2(60—x)[ 60—4x+2(60—x)]
—2(60-x)(180—6x)
—12(60—-x)(30-x)

Now, ["(x)=0 = x=60 orx=15

When x =60, /"(x) =
Whenx =15, f"(x)=—12(60-15)(30-15)=-12x45x15 <0.

OBy second derivative test, x = 15 is a point of local maxima of f. Thus, function xy? is

maximum when x = 15 and y = 60 — 15 = 45,

Hence, the required numbers are 15 and 45.

Find two positive numbers x and y such that their sum is 35 and the product x%y” is a

maximum
Answer
Let one number be x. Then, the other number is y = (35 — x).

Let P(x) = x’y°. Then, we have:
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And, P"(x) = '.-'{35—,T}L{IU—,1]+T_TL—{35—.T)L —4{35—x}"{m—x}J
7(35-x) (10— x) = 7x(35-x)" = 28x(35 - x)' (10— )
7(35-x) [ (35-x)(10-x) - (35— x)— 4x(10-x) |

=7(35-x) [350-45x+x" —35x+x" —40x+ 4x" |
7(35-2)

'[f.f ~120x+350)

! -
Now.P(x)=0 = _ o\ _ 35 x= 10
When x = 35,”r {lf] - 'f{x}: 0 and y = 35 — 35 = 0. This will make the product x? y°
equal to 0.
When x = 0, y = 35 — 0 = 35 and the product x?y? will be 0.
0 x = 0 and x = 35 cannot be the possible values of x.

When x = 10, we have:
P"(x)=7(35-10)" (6x100-120x10 +350)
=7(25) (-250) <0

[0 By second derivative test, P(x) will be the maximum when x = 10 andy = 35 — 10 =
25.

Hence, the required numbers are 10 and 25.

Find two positive numbers whose sum is 16 and the sum of whose cubes is minimum.
Answer
Let one number be x. Then, the other number is (16 — x).

Let the sum of the cubes of these humbers be denoted by S(x). Then,
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S(x)=x"+(16-x)’

S 8'(x)=3x" =3(16-x)", 8"(x)=6x+6(16-x)
Now, §'(¥)=0 = 3x"=3(16-x) =0

= x"—(16-x) =0

= x —256-x" +32x=0

256
—x= =
32
Now, S"(8)=6(8)+6(16-8)=48+48=96>0

[0 By second derivative test, x = 8 is the point of local minima of S.

Hence, the sum of the cubes of the nhumbers is the minimum when the numbers are 8
and 16 — 8 = 8.

A square piece of tin of side 18 cm is to made into a box without top, by cutting a square
from each corner and folding up the flaps to form the box. What should be the side of
the square to be cut off so that the volume of the box is the maximum possible?

Answer

Let the side of the square to be cut off be x cm. Then, the length and the breadth of the
box will be (18 — 2x) cm each and the height of the box is x cm.

Therefore, the volume V(x) of the box is given by,

V(x) = x(18 — 2x)?
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V'(x)=(18-2x } 4x(18 - 2x)
=(18-2x [18 2x ——Ir]
={ 18— }{IR f‘n}
=fx ( x}f? x)

=-24(6-x)

Now, V' x)=
ow. V'(x) U:>x=90rx=3

If x = 9, then the length and the breadth will become 0.
Sex # 9,
= x = 3.

Now, V'(3)=-24(6-3)=-72<0

- By second derivative test, x = 3 is the point of maxima of V.

Hence, if we remove a square of side 3 cm from each corner of the square tin and make

a box from the remaining sheet, then the volume of the box obtained is the largest

possible.

A rectangular sheet of tin 45 cm by 24 cm is to be made into a box without top, by

cutting off square from each corner and folding up the flaps. What should be the side of

the square to be cut off so that the volume of the box is the maximum possible?

Answer

Let the side of the square to be cut off be x cm. Then, the height of the box is x, the

length is 45 — 2x, and the breadth is 24 — 2x.

Therefore, the volume V(x) of the box is given by,
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V(x)=x(45-2x)(24-2x)
= x(1080-90x —48x +4x" |
= 4x’ —138x" +1080x
SV (x)=12x" —276x+1080
12(x* —23x+90)
=12(x-18)(x—35)
V"(x)=24x-276=12(2x—23)

Now, Vr“) =0 —~x=18andx =5

It is not possible to cut off a square of side 18 cm from each corner of the rectangular
sheet. Thus, x cannot be equal to 18.

Ox =5

Now, P(5)=12(10-23)=12(-13)=-156 <0

- By second derivative test, x = 5 is the point of maxima.
Hence, the side of the square to be cut off to make the volume of the box maximum

possible is 5 cm.

Show that of all the rectangles inscribed in a given fixed circle, the square has the
maximum area.

Answer

Let a rectangle of length / and breadth b be inscribed in the given circle of radius a.

Then, the diagonal passes through the centre and is of length 2a cm.

Now, by applying the Pythagoras theorem, we have:
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(2a) =1 +b’
= b’ =4a” - I’

= b =+da' -/
ClArea of the rectangle, “I =INda’ =TI’
2
=da’ 1" 4] ————e— ——(-20) = J4a" - 1" _!—
PAVE P e Vaa' -1
_da’ -2
Vada' - 1*

Vaa® — 1 (~41) (447 —QF)—2 {4__"“_:‘12

d*4 _
dr’ (4a” -17)
) (4a" —1*)(—41) +1(4a’ —21°)
_ (4a” -1 }
_-2dt+2r _-2(6a’ -1)
3 3

{4::3 —:’:}lE [4{;3 —I:)E

wa.jr—: = 0 gives 4a° =2I° =1 =2a

= b=-J4a’ - 2a* =~2a* =2a
MNow, when [ = «.Ea,

& -2(V2a)(6a’ -24°) 82
dr 2J24° - 2124°

=—4 =

.~ By the second derivative test, when! = \Eﬂ , then the area of the rectangle is the

maximum.

Since! =b :‘-'5“, the rectangle is a square.

Hence, it has been proved that of all the rectangles inscribed in the given fixed circle,

the square has the maximum area.
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Show that the right circular cylinder of given surface and maximum volume is such that
is heights is equal to the diameter of the base.

Answer

Let r and h be the radius and height of the cylinder respectively.

Then, the surface area (S) of the cylinder is given by,

S =2mr +2mrh

S -2
;"> h —_——-
2anr
S{1)_,
2ml
Let V be the volume of the cylinder. Then,
o NS | s
V=mrh=m | — —]—r o
2nir, 2
iV S . dV
Then, - ——3mr, — = —6mr
r 2 dr-
4V & 3 .5
MNow, ¢ 0= —=3mr = -
dr 2 bm
, S 2y [ [s)
When r* =—, then —=-6n| ,|— |<0.
on dr- \ om |
A
. 8
r=—
[0 By second derivative test, the volume is the maximum when om
., 8 6r” (1)
Mow, when »~ =—, then ii= o | - ‘—r =3r—r=2r
n 2o\

Hence, the volume is the maximum when the height is twice the radius i.e., when the

height is equal to the diameter.

Of all the closed cylindrical cans (right circular), of a given volume of 100 cubic
centimetres, find the dimensions of the can which has the minimum surface area?
Answer

Let r and h be the radius and height of the cylinder respectively.
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Then, volume (V) of the cylinder is given by,
V =mr'h =100 (given)

100
= —

Sl

Surface area (S) of the cylinder is given by,

] 3 2
S=2nr +2nrh=2ar" +E
-
Ay ‘g
.',£=4nr - 2{}}{}‘ d —=4n+ 4{}.{}
dr reo e r
ﬁ =0 = 4dar= &
id e
;200 30
= ==
4x T

(3

.. S0
MNow, it is observed that when » = [—) .
T

|
d’s

el
ar

= (.

OBy second derivative test, the surface area is the minimum when the radius of the

r’5[}]:~
cm

cylinderis® ™
1

1
3 2 3
Wlmnr:[-jﬂ] L h= 100 —=. “3{50 1-=2[50 crl.
n 3 3 3 n/
n(ﬁuj. (501 ()
(]!

Hence, the required dimensions of the can which has the minimum surface area is given

- i
507 509
| — ] em 2l — | em.
by radius = - and height = T

Page 97 of 138



Class XII Chapter 6 — Application of Derivatives Maths

A wire of length 28 m is to be cut into two pieces. One of the pieces is to be made into a
square and the other into a circle. What should be the length of the two pieces so that
the combined area of the square and the circle is minimum?
Answer
Let a piece of length / be cut from the given wire to make a square.
Then, the other piece of wire to be made into a circle is of length (28 — /) m.
L]

Now, side of square = 4

2mr =28 e’_H':L

{28 a’}.
Let r be the radius of the circle. Then, 2n

The combined areas of the square and the circle (A) is given by,

A= (side of the square}’ + »°

L, n[;n (28 ;)I

i 1 2
=—+ 281
16 4ﬂ:[ }
dd 21 2 [ 1
So—=—+—(28-1)(-1)=———(28 -1
cl lﬁ+4:rt{ H ) 8 2?1( }
I:‘11_':]‘:1+L;~ﬂ'
di* B 2nm

Now, Hr—"!:(} = i—L{EH—E}:U
i 8 2n

— IR _
L 4(28 f}zn

8n
= (m+4)[-112=0
)
o112
n+4
- 2
j M2 dA

Thus, when  T+4 dr’

,_ 112

- By second derivative test, the area (A) is the minimum when n+4
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Hence, the combined area is the minimum when the length of the wire in making the

112
square is n+4 cm while the length of the wire in making the circle
112 287
28 _ 2o cm
is n+4d T+ 4

Prove that the volume of the largest cone that can be inscribed in a sphere of radius R is
8

27 of the volume of the sphere.
Answer

Let r and h be the radius and height of the cone respectively inscribed in a sphere of

radius R.

Let V be the volume of the cone.
1 .
V==mrh
Then,

Height of the cone is given by,

= o s ' langle
h=R+AB RA+NR™ =7 [ABC is a right triangle]
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.'.dV:le:rR+2m'~.fR?—f'?+]m‘- (_2!)
dr 3 R ¢
2 3 r

=—mrR+—mrvR —r ——m7
R -2
=Em_R+2m-{R2—r }—m
3 R -7
2
=Em‘H 2mrR° —3mr
3 WR -

WR 7 (21 —9n°) (2R —3mr)- 20)
JEP’ZEER*—J !‘(E TU‘) (Il'.?' JK?)ﬁm
dar’ 3 Q[Rz—rl)

R — Y 2nR -9 )+ 2 R + 3!

ZEER+ ( r}(n 'J'I!‘]}L r + 3
2?(&3—;-3)3
dv 2 3w’ 2wk

MNow, =0 = & rR=
dr 3 3R

Z_j 2 .
:-23:%:.23432_ 232 0R?
R=r

= 4R (R* —r")=(3r" -2R")
= 4R — AR =" +4R 1277 R°

= Ot = §RY:
= =§R1
9

7

. - ¥
When r~ = ER', then d — <,
9 dr”

[0 By second derivative test, the volume of the cone is the maximum when
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When »* =§Rf. h=R+ R:—ﬁﬁz ~ R+ HRE =R+E=ER_
g g g 3 3

Therefore,

| (8 AT
=—m| - || =R
30,9 JLJ J
LN LS
2703

8 .
= T?X{V0|llln3 of the sphere)

¥

. S .8
Hence, the volume of the largest cone that can be inscribed in the sphere is 77

the volume of thesphere.

Show that the right circular cone of least curved surface and given volume has an

altitude equal to “-Etime the radius of the base.

Answer

Let r and h be the radius and the height (altitude) of the cone respectively.

Then, the volume (V) of the cone is given as:

V= lm':.h::» h= JP,_
3m ¥

The surface area (S) of the cone is given by,

S = nrl (where / is the slant height)

=+

=ar,
nr e
| I e a——
=—mr’ +9F°
"

, 9K m NI VP
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6 2 -] - -
re T —Jairt +op?
LdS 25 9 )
" dr e
B ntrt =it =gt
.F'j \,"ln'ﬂ.l‘&+gl"j
L S| C
{2 & ' gl,'_’

2
roNTE

2n’rt —gp?

F‘E\'I?Ej."r’ L op?

Ay . .
.\Inw.(—' =0= 2" =9)" =" =

dr 2n
9 d°S
rt=— ._,f — > 0.
Thus, it can be easily verified that when 2 dr
s V7
ro= 3
[0 By second derivative test, the surface area of the cone is the least when 2
1
. 3V 3 (2t )R 3 2w
Whenr' = ——, h=——=— = v J2r.
2 e T 9 - 3

Hence, for a given volume, the right circular cone of the least curved surface has an

altitude equal to “-Etimes the radius of the base.

Show that the semi-vertical angle of the cone of the maximum volume and of given slant
height is tan \E
Answer

Let 6 be the semi-vertical angle of the cone.

0 [u_ 1}.
It is clear that 2

Let r, h, and / be the radius, height, and the slant height of the cone respectively.
The slant height of the cone is given as constant.
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\

SRR
Now, r=1/sin8and h=/cos 6

The volume (V) of the cone is given by,

n(fz sin” H){Fcﬂﬁ &)

|
=—nl" sin” fcost
3
ﬂ”"r Jil:*'n: . . .
So—=—/|sin" #{-sin@)+cosf {2 sinFcosd
03 [sin® @(~sin @)+ cosf(2sindcosb) |
Pee . . . X
=—/| —sin"+ 2sinfcos "0
al ]
d*v
de’

1‘3 s T L] 7
:?n[—:ism' fdeosf +2cos 7 —4sin’ {Jcns{?]

! 3 . 3
=Tj[[2cos‘£?—?sm' (3-:05{?]
2

s

Now.d} =0
(=)

=»sin’ @ =2sinfcos’

=tan’#=2

— tanf =2

=@ =tan'2

Now, when @ = tan™' \."E. thentan® @ =2 or sin” @ =2 cos” 6.
Then, we have:

ll,' i
L = I—“[Zcus" & -14cos H] =—d4xl cos 0 <0 for B e [(L E}
de- 3 2

-1
OBy second derivative test, the volume (V) is the maximum when & = tan V2 .
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Hence, for a given slant height, the semi-vertical angle of the cone of the maximum

, -2
volume is lan \-"r:

The point on the curve x* = 2y which is nearest to the point (0, 5) is

2»-5,4)(5 (_2\,-’10}

(A) (
(C) (0, 0) (D) (2, 2)
Answer

The given curve is x* = 2y.

[ X
x, —|.
2

For each value of x, the position of the point will be *

{ ¥ )
X, T
The distance d(x) between the points \ ~ “and (0, 5) is given by,
f z T
f e N f, x 3 ||x+ .
d(x)= [x-0) 4| —=5| =, lx +—+25-5x" =, |——4x"+25
“y'{)zj‘s'4 V4
x —8x x —8x
() '(* | - ‘{ 16 ’jlﬂ{}
2,/  —dyr2s VT
\ 4
Now. d'{.\:]:ﬂ:>.r3 -8x=0
= x{f —R) =]
—x=01£2y2
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JF 67 7100 (327 —8) (- 82)— 4 =328

205t 1637 +100

And. " (x) = [.r* —16x" + mu]

(x* —16x7 +100) (35" ~8) - 2(x" ~8x)(x" ~8x)

- ]
2

(x* —16x7 +100)

(x' ~16x +100) (33" ~8)~2(x" ~8x)’

(x*-16x" + IDD);

x =0, then d”{x} = M <.
When, 6

When, x =122, d"(x)=0.

OBy second derivative test, d(x) is the minimum at* = iE-.,E .

(242)

.r=i2-u'5,y=—=4.

When

(ﬂﬁ, )

Hence, the point on the curve x*> = 2y which is nearest to the point (0, 5) is

The correct answer is A.

Question 28:
l—x+x?

For all real values of x, the minimum value of 1+X+x" js

(A) 0 (B) 1
!
(€)3 (D) 3
Answer
N - x+x°
Let'f{l}_l+x+x:‘
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.'.f’(x}:{H'Hf][_] +2x) (1 —Ex+x:){l+2x)

(1+x+x7)

“1+2x—x+2x - x" +2x = 1-2x+x+2x - x' - 2x°
- r]

(I +x+12)_

-2 2(x-1)

(I+I+I]}] {I+Jc+x3):r

LfN(x)=0 = X =1= =+l

|+x+x1)2(1-’f]_(“‘-! —l){Z}{Hx-I—.x?){HEJ:]}

4

Now /1) -[( (|+'n:+x2)

4(I+.r +x3)[(l+x +x3)x—(,t2 —I][l+2x}]

3
(I+_‘¢+xl]

- 4[.: +xt = =20 4 1+ 2.:]

(l+.‘£’+.1'2)3

=4(]+3x—x3]
(l+x+x1)'1

wy A0+3-1) 4(3) 4
And, f7(1)= {1+I+I]} - {3}3 9 !
4(]—3+l]
(1-1+1)

OBy second derivative test, fis the minimum at x = 1 and the minimum value is given

Also, /(1) = =4(-1)=—4<0

11411

'm_1+|+|_3,

by
The correct answer is D.
Question 29:

|
lx=1)+1P.0=x=1
The maximum value of [A[x }+ :I ’ ! is
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|
173

k3| =

(A) \3/ (B)
(©)1 (D)o
Answer

1
Let j'{.r}:[,r[.r—l}—l:l-‘ :
2y =1
s (x)= l—_
ax(x=1)+1]F

Now, ['(x)=0 = x :é

Then, we evaluate the value of f at critical point
interval [0, 1] {i.e., at x =0 and x = 1}.

£(0)=[0(0-1)+1] =1
(=10 —1}+1].'- .

()

Hence, we can conclude that the maximum value of f in the interval [0, 1] is 1.

The correct answer is C.

1
2 and at the end points of the
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Using differentials, find the approximate value of each of the following.
|
1774
' 33) s
@ 81 5y 3)

Answer

y=x* Letx= and Ax =
(a) Consider 8

Ay =(x+Ax)s —x*

()
hE

{ 1 o]
EW =4 Ay
W81 3

Now, dy is approximately equal to Ay and is given by,

Then,

v Y f 17y
dy —[— Ax = —(Ax) as y = x*
dx ) (1] )
4 A
t : J L1 010
If:“” 31 4><8 81 32:-<3 96
LEU
i
|E] is 240,010
Hence, the approximate value of * 8 = 0.667 + 0.010

= 0.677.

(b) Consider? =% " Let x = 32 and Ax = 1.
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I ] I

Ay =(x+Ax) 5 —x * =(33) 5 -(32) F =(33) F —-
Then, 2
~(33) =% F Ay

Now, dy is approximately equal to Ay and is given by,

oo (e

chy 5(x):

1 1
T (1) =g =—0-003

! 1
{_33} 5is —+|[—ﬂ.ﬂl}3]|
Hence, the approximate value of 2

= 0.5 - 0.003 = 0.497.

. log x
fx)==
Show that the function given by & has maximum at x = e.
Answer
- . . log x
Ihe given function is f (x) = ——.
X
{ | }
.LL —logx
. X 1-logx
.fl{x}: 2 = 35
X X
Now J {I}:U

A

=1-logx=0
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= logx=1
= logx=loge

= Xx=¢
.1
x| - J—(I—Icrgx}(zx]
Now, f"(x)= » X -
\
X 2x(1-logx)
= "
—3+2logx
- x.!-
—3+2loge -3+2 -
Now, /" (e)= 3 2llu'bc= 3-:— _ 11{{}

e é e
Therefore, by second derivative test, f is the maximum at x = e.

The two equal sides of an isosceles triangle with fixed base b are decreasing at the rate

of 3 cm per second. How fast is the area decreasing when the two equal sides are equal
to the base?

Answer
Let AABC be isosceles where BC is the base of fixed length b.
Let the length of the two equal sides of AABC be a.

Draw ADOBC.
A
i, of
B & D & C
7 ]

Now, in AADC, by applying the Pythagoras theorem, we have:

I b’
AD 1l'|| a —I
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-

| I P
Ay=—bla’ ——
(A) a =

|
0 Area of triangle 2\
The rate of change of the area with respect to time (t) is given by,
d4 1 b 2a da abh dat
dr 2 [, bt dt Jag* —p* di
2, ja -
V' 4
It is given that the two equal sides of the triangle are decreasing at the rate of 3 cm per
second.
i .
aa_ 3emfs
0 di
.d4 _ 3ab

Cdr Vda® —b*

Then, when a = b, we have:

ﬁ =— _J-"F:" = = _'i = —\I'Eh
di 4’ —p* 3]
Hence, if the two equal sides are equal to the base, then the area of the triangle is

decreasing at the rate of Y3 2 €M'/s

Find the equation of the normal to curve y* = 4x at the point (1, 2).
Answer

The equation of the given curve is? =4x

Differentiating with respect to x, we have:

2v£:4

©odx
dv 4 2
dc 2y v

ﬂ] 2
ax J,, 2
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-1 -1

=—=—]

.;{x-} 1
dx |4

OEquation of the normal at (1, 2)isy — 2 = —-1(x — 1).

Now, the slope of the normal at point (1, 2) is

Oy-2=-x+1
Ox+y—-3=0

Show that the normal at any point 6 to the curve

x=acosf+alsind, v=asind - al cos @

Answer

We have x = a cos 6 + a 6 sin 6.

%: —asin@+asiné + af cosd = af cos

y=asinfd—afcosd

%=acusé—acosﬂﬂnﬁ'sinﬁ=m§51n5'
(dy _dy dO _absing _

A = =tan#
dy  df dy  afcosd

O Slope of the normal at any point 6 is tand

The equation of the normal at a given point (x, y) is given by,

y—asing +afl cos 6 = (x—acosd—atlsind)

tan
= ysiné —asin® #+af sinf cosé = —xcosd + acos’ @ +affsind cosd
= xcosd+ vsind a{.‘;in:  + cos’ ﬁ'] =1
= xeost) + yvsinfl—a=10
Now, the perpendicular distance of the normal from the origin is
—(F| B |—a|

Joos? 0+sin’0 1 =l

, which is independent of 6.

Hence, the perpendicular distance of the normal from the origin is constant.

is at a constant distance from the origin.
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Question 6:
Find the intervals in which the function f given by
_4sinx—2x-xcosx

f{x}_ 24+cosx

is (i) increasing (ii) decreasing

Answer

. dsinx—2x—xcosx

f(x)=
24+cosx

2 +c05_r}[-f-1- cosx—2—cosx+xsin x] —{4 sinx—2x— xcos_r}{—siﬂ x}

L f(x)=t

(2 +cosx)’

(2+cosx)(3cosx—2+xsinx)+sinx(4sinx—2x—xcosx)

(2 +cosx)’

_ 6eosx—442xsinx+3cos’ x—2cosx+xsin xcosx+4sin’ x—2xsinx —xsin xcosx
- 2
[2+cnﬁ.r]

_ 4cosx—4+3cos’ x+4sin’ x

- {2+C05x}2
_dcosx—4+3cos’ x+4—4dcos’ x
- (2+uusx)2

_dcosx—cos’ x _ cosx(4—cosx)

(2 +cosx}" B {2’.+::;u:}5uc]|3

—cosx=0o0rcos x =4

But, cos x # 4

Ocosx =0

T 3n
===

2 2
MNow,x=— and 'rz'm

2 divides (0, 2n) into three disjoint intervals i.e.,
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. i)
In intervals® =

; 3
ﬂc:.r{iand—“c:x{ 2m.
Thus, f(x) is increasing for 2

L 3:11:
| 23 ) (3)<0
In the interval\ 2 2
In
— X —
Thus, f(x) is decreasing for 2 2,
. . |
flx)=x +—,x=0
Find the intervals in which the function f given by X is
(i) increasing (ii) decreasing
Answer
. .
Xj=x +—|
£(x) ="+
. , 3 3a"-3
L fx)=3xT =
fix)=3 - =T
Then, f(x)=0=3x"-3=0=x"=1=x=1%I

Now, the points x = 1 and x = —1 divide the real line into three disjoint intervals

(—o0,—1),(-1,1), and (1,0).

i.e.,

(—0,—1) and (1,=0) f(x)=0

In intervals i.,e.,, whenx < —1and x > 1,

Thus, when x < —1 and x > 1, fis increasing.

f'(x)<0

Ininterval (-1, 1) i.e., when -1 < x < 1,

Thus, when —1 < x < 1, fis decreasing.
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Find the maximum area of an isosceles triangle inscribed in the ellipse & b with
its vertex at one end of the major axis.

Answer

The given ellipse is@ b’
Let the major axis be along the x —axis.
Let ABC be the triangle inscribed in the ellipse where vertex C is at (a, 0).
Since the ellipse is symmetrical with respect to the x—axis and y —axis, we can assume
the coordinates of A to be (—x;, y1) and the coordinates of B to be (—x3, —y1).
h :

r—
W=x—ja =xy
Now, we have d

(. b =—2)
=X, /i —X
I Y
a

CCoordinates of A are * /" and the coordinates of B are

{ h [ 9 h
X, ——ad —X
\ da v J

As the point (x3, y1) lies on the ellipse, the area of triangle ABC (A) is given by,
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1 26 b 7= b 77—
A= 5 a[ Ja' —x J+(—x, ][— Ja'—x )+|[—x, )[— Ja —x; ]
a a i

= A=bha’ —.'c,z + X, E Ja' -x,: [l]
i

A -2; b 53 2bx!
P LI P S
dy,  2Ja'-x @ al\la -x
b

T T T

= X+ (a‘ —x,‘] —xy
T 3
asja —x;

b(—l‘ff -xa+a’ )

i 2
ayJa’ - x,

MNow, ﬁ =)
dx,

= =2x; —xa+a’ =0

ai1|'a:—4{—2]{a:}
-2

=X =
2(-2)
_at 9a°
-4
_aiSa
—4
a
=X =-d, —
2

But, x; cannot be equal to a.
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.'..w1:a:>y1=b at - =hﬂ\."§=£b
2 a 4 2a 2
z ) -2x
Ja = x) (—4x, —a}—(—Ex,‘ -xa+a) [ ) )
d'4 b 2./a" - x/
Now, ——=— -
X as —=xy

(.:;'2 - x )[—41, —a)+x, (—Exf ~xa+ a-']

(%)

R

b\ 2x" =3ax—a
i 3

{az —ch]?

o
X ==
Also, whenI 2,then
3 3 3
o o 3 o 3 3 q
d:A_bdzg—Bz—a b 4—2.91—5:?
3 = = 3 :-:—4—._‘
d.I] a jﬂ'] 2 a 3'“3 2
4 | 4
‘Ja]
=-2J4 =0
(302 )
| 4
[¥)
X ==
Thus, the area is the maximum when 2

0 Maximum area of the triangle is given by,
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Ad="h Ilaf_i_,_(ﬂ]é |'Ia:—£
\I \ 2 ﬁ"'l 4
3 (a\b a3
—m’J——| — |—><
2 \2Ja 2
ab\3 abJy3 33
= > i n = 1 ab

A tank with rectangular base and rectangular sides, open at the top is to be constructed
so that its depth is 2 m and volume is 8 m>. If building of tank costs Rs 70 per sq meters
for the base and Rs 45 per square metre for sides. What is the cost of least expensive
tank?

Answer

Let /, b, and h represent the length, breadth, and height of the tank respectively.

Then, we have height (h) =2 m

Volume of the tank = 8m?

Volume of thetank =/ x b x h

O08=/xbx2

_>HJ'=4_>.|'}=?

Now, area of the base = /b = 4
Area of the 4 walls (A) = 2h (I + b)

U _yfy 4)
di N
Now, ”r—ﬂ=£!
dl
Jl—izﬂ
‘r.
= =4
=[/=42
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However, the length cannot be negative.

Therefore, we have | = 4,

4 4
_'_I}:—:—:E
I 2
2 2
MNow, df =3—:
dal- I
When [ = 2, f"h':i="'—_2=4;-,{:‘
dl” )

Thus, by second derivative test, the area is the minimum when / = 2.
We have /=b =h = 2.

OCost of building the base = Rs 70 x (/b) = Rs 70 (4) = Rs 280
Cost of building the walls = Rs 2h (/ + b) x 45 = Rs 90 (2) (2 + 2)

= Rs 8 (90) = Rs 720

Required total cost = Rs (280 + 720) = Rs 1000

Hence, the total cost of the tank will be Rs 1000.

The sum of the perimeter of a circle and square is k, where k is some constant. Prove

that the sum of their areas is least when the side of square is double the radius of the

circle.

Answer

Let r be the radius of the circle and a be the side of the square.
Then, we have:

2mr +4a =k (where k is constant)

k—2mr
— =

The sum of the areas of the circle and the square (A) is given by,

., ' (k—ﬂm’}?
A=mw " +a =mr" +———
16
20k —2ar)(-2 k-2
L (k—2mr)( HJ:EW—“{ )
dr 16
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Nﬂw,ﬂ—ﬂ
-
mlk-2
;Rzm':-l:{—]v]
Br=k-2nr
= (8+2n)r=k
k k
= r= =
8+2n  2(4+m)
Now ﬂz?xin_}{]
dr” 2
S Whenr = L ﬂ =0
2{411— } dr®
i
e —
2(4% )

O The sum of the areas is least when

._'}n I&-
_‘ '[2{4» }]_k{dm e Kk 4k &k s,
204w ) 4 Tia(m ) 44(m )4

When » =

Hence, it has been proved that the sum of their areas is least when the side of the

square is double the radius of the circle.

A window is in the form of rectangle surmounted by a semicircular opening. The total
perimeter of the window is 10 m. Find the dimensions of the window to admit maximum
light through the whole opening.

Answer

Let x and y be the length and breadth of the rectangular window.

X
Radius of the semicircular opening 2
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ﬂ
3
-

x

It is given that the perimeter of the window is 10 m.

X2V 10
- ¥

)
J.\'[]IK + 2y =10
. 2 7

\

:>2,;-'=m—.r[1+f]
>

i N
= y=5-x lﬂ+—J
’ V2 4

CJArea of the window (A) is given by,

i 1)
:Jx—x‘|—+— +—x°
\Z 4,

14 1
'_E—:S—Zr —TE+—TT+—'(
clx V2 4
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Now, ﬂ =1
dx
. \ x
5 \[II— c =0
. 2) 4
= S—x Exzﬂ
4
s T LY _
= x|l 1+—|=5
o
N 5020
o, ) m+4
1+
' s
20
x= then —=<0
Thus, when m+4 dx
20
y=—m
Therefore, by second derivative test, the area is the maximum when length m+4
Now,
_20 (24w . (24w 10
V= ) =5 =
n+4, 4 J n+4 n+4

Hence, the required dimensions of the window to admit maximum light is given

length = 20 m and breadth = m.

by T+ 4 m+4

A point on the hypotenuse of a triangle is at distance a and b from the sides of the

triangle.
3
2 1%
a’ + b’
Show that the minimum length of the hypotenuse is * 4
Answer

Let AABC be right-angled at B. Let AB = x and BC = y.
Let P be a point on the hypotenuse of the triangle such that P is at a distance of @ and b

from the sides AB and BC respectively.
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Let OOC = 6.

A

Now,

PC = b cosec @

And, AP = a sec 6

JOAC = AP + PC

OAC=bcosecH +asech..(1)

~d(AC)

Cde

_d(AC)

S

= asec tan @ = bcosec cot @

a sinf b cosd

cosd cosf sind sind

= asin’ @ =hcos’

0

= (a)isin# =(h)? cosd

oo | —

b

o

(t)

ssint = ———— and cosf =

:btan19=[

had | =

2 2 2
Va® +5° a’ +h

& (AC)

It can be clearly shown that ————* < 0 when tanf =

de’

= —bhcosecHcot & + asecf tan @

D
~i-
Lk | bt
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Therefore, by second derivative test, the length of the hypotenuse is the maximum when

i %
AT
tanf = —W .
O
!
b\
tané = —]}
Now, when L) we have:
2 2 N
bNa*+b°  aVa®+b* .
AC=2V4 | L NG | [Using (1) and (2)]
b? a’
[ 272 2
=Va*+b| b +a’
\
={ﬂ"‘ +h3 ]
]
{2 AR
a’ +b’ |
Hence, the maximum length of the hypotenuses is " S

. \ 4 1
Find the points at which the function f given by / {I}_{'T_E} {'H_ l} has

(i) local maxima (ii) local minima
(iii) point of inflexion

Answer

,r"{_r}:[.'r—l}_‘[.r+]}=.

The given function is"

L f(x)= 4{.r—2}3(x+l]3 +3{.'r+l]: [I—E}J'
(x=2) (x+1) [4(x+1)+3(x-2)]
(x=2) (x+1)(7x-2)

Now. f'(x)=0 = x=-landx =

orx=2

3|2
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2 2
- =, fx)=0.
Now, for values of x close to T and to the left of 7 Also, for values of x close to
2 2
= —2(x) <0
T and to the right of 7
2
x=—
Thus, Tis the point of local maxima.
2._f"{,r}<: 0

Now, for values of x close to 2 and to the left of " Also, for values of x close to

2 and to the right of 2,.f (x)>0.

Thus, x = 2 is the point of local minima.

Now, as the value of x varies through -1, / {Tj does not changes its sign.

Thus, x = —1 is the point of inflexion.

Find the absolute maximum and minimum values of the function f given by
f(x)=cos’ x+sinx,xe[0.x]
Answer
f(x)=cos” x+sinx
f'(x)=2cosx(-sinx)+cosx
—2sinxcosx+cosxy
Now, f"(x)=0

= 2sinxcosx = cosx = cos x(2sinx—1) =0

=siny=— or cosx =10

[

_>_1':E, or Easxe[{},n]
6 “

T
r=—andx =

T
Now, evaluating the value of f at critical points 2 6 and at the end points of

the interval[u'ﬂ] (i.e., at x = 0 and x = n), we have:
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[ ‘BY N
I —|—Lm —+a|n— | —=—

4
.f'{UJ:COS?ﬂ+San=I+U=]
f(n)=cos’ m+sinm= Ii—l]l3 +0=1
f T cos T rsinE=0+1=1

2 2 2
5 - T

Hence, the absolute maximum value of fis 4 occurring at 6 and the absolute

19
xr=0,—= andn.
minimum value of fis 1 occurring at

Show that the altitude of the right circular cone of maximum volume that can be
ﬂ

inscribed in a sphere of radius r is 3

Answer

A sphere of fixed radius (r) is given.

Let R and h be the radius and the height of the cone respectively.

The volume (V) of the cone is given by,
R
¥ = T']TH-h

)

Now, from the right triangle BCD, we have:

BC =1 - R*

7 4

Op="r+ xl"r‘ R
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V= %T[Rj (_,- = R ) = %‘I[sz'+ % R r - R?

7 —— 2 2R
A2 e i KL _(22R)
dR 3 3 3 2R
2 2x —— R
=ZARF+ RN - R ————
3 3 W - R
2ak(r’ =R )-ak’
=E71:R.i'+ { )
3 3 JJ‘B—RL

=§7[Rj'+ 2aRr —3nk

>

WK —R
Now,%=ﬂ
2nrR  3nR -2nRr’

3 W - R
= 2T R =3R -2
=4 (P -R)=(3R -2r*)
= dr' =4 B =9R' +4r* - 12R*F
= 9R' —8'R* =0

— QR =&
g8
9
- ¥ 3 7 2 3 ]
Wr=R(2ar —9nR° ) —(2aRr - 3nR° )(-6R
S L ARV S
"dR* 3 9(r* - R*)
¥ 3 bl o ' T ]
ro—R 2o —Y9aR7 )+ 2aRr = 3aR7 ) (3R
o =R )+ JOR) s
3 9(r* - R)
3 3!"! N :
Now, when £ = . it can be shown that - <0,
9 dR
ey
O The volume is the maximum when 9
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—_—

2 2 3
, 8r . . 8r r roodr
When R° = . height of the cone = r + \/r‘ - =F +\/ =r4+_-=—.
9 9 g i 3
Hence, it can be seen that the altitude of the right circular cone of maximum volume
4r

that can be inscribed in a sphere of radius r is 3.

Show that the height of the cylinder of maximum volume that can be inscribed in a
2R

sphere of radius R is V3 . Also find the maximum volume.

Answer

A sphere of fixed radius (R) is given.
Let r and h be the radius and the height of the cylinder respectively.

From the given figure, we have h= zh'llf‘f: L

The volume (V) of the cylinder is given by,
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V=mh=2m R —F*

dV — 2 {—2:’]
T = 41'”".;' R+
dr 2R -1

= 4R 1 - EH—,,—
R -
4nr[R2 —rl)—Em"i
R —y?
B darR’ - 6mr

s

il .
Now, — =0 = 4mrR* —6mr’ =0

VR = (4nR* - 187" ) - (4 R* —6nr” )

dr
] 2
— = 2R
3
d’v
Now, —=
dre

(R‘Z — ][41:3': -1 Em'E]+ r[éhtrR: —ﬁm"l}

(k)

CAnR -2 R 120 + 4t R

i

(#-ry

. 2R AV
r= —_— <

Now, it can be observed that at

OThe volume is the maximum when

=

When 3, the height of the cylinder is

. 2R R® 2R
,|'.rz- == =2,|'— ==,
3 3

Hence, the volume of the cylinder is the maximum when the height of the cylinder is

s

<
lad
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Show that height of the cylinder of greatest volume which can be inscribed in a right
circular cone of height h and semi vertical angle a is one-third that of the cone and the
4 L 5
—qh” tan” o
greatest volume of cylinder is 27
Answer
The given right circular cone of fixed height (h) and semi-vertical angle (a) can be drawn

as:

F D0 F G

Here, a cylinder of radius R and height H is inscribed in the cone.
Then, OGAO =g, 0OG =r, OA = h, OE =R, and CE = H.

We have,

r=nhtana

Now, since AAOG is similar to ACEG, we have:

A0 _CE
0G  EG
SN |EG =0G -OE]
r r—R
h o |
= H=—(r-R)= (htana - R) = (htana - R)

I8 fitan o tan cr

Now, the volume (V) of the cylinder is given by,

, ' ., R’
Vo= aRH =~ {a’rtuna—ﬁ]:;ﬂf'h— T
Lan o Lan o
iV 3InR’
av 2nRkh - i
iR tan o
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xR’

tan o
= 2htana = 3R

= 2nRh =

1
= R =—tanwr

Ntmud-I: =2mh- bxk
i’ tan a
20
R :—rtan r

And, for 3 , we have:

EER 7 \
ﬂ:ﬁnh ox jl..m a |=2ah=dnh==-2ah <0
dR- tanex | 3 J

OBy second derivative test, the volume of the cylinder is the greatest when

R :?mn r.

2h 1 [ 2h ) 1 [ htanca A
When R = tanc. H = fitano ——tano | = ‘ |:
3 tan o, 3 Jotancel 3 ) 3

Thus, the height of the cylinder is one-third the height of the cone when the volume of
the cylinder is the greatest.

Now, the maximum volume of the cylinder can be obtained as:

20

h' Cant L \hYy 4,
mncr ?I| —1fan" o« | TJ —?I.I'I fan® o
kJ L9 N3) 27

Hence, the given result is proved.

A cylindrical tank of radius 10 m is being filled with wheat at the rate of 314 cubic mere
per hour. Then the depth of the wheat is increasing at the rate of

(A) 1 m/h (B) 0.1 m/h

(C) 1.1 m/h (D) 0.5 m/h

Answer
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Let r be the radius of the cylinder.

Then, volume (V) of the cylinder is given by,

V= :rr(radiusf x height

x(10) & (radius =10 m)
=100wh
Differentiating with respect to time t, we have:
ﬂi =100m @
dlt ot

The tank is being filled with wheat at the rate of 314 cubic metres per hour.
iV .
v 314 m’/h

0 o

Thus, we have:

f'fil%l:]IIfI'lf}r:ﬁ

et
dh 314 314

:>__—
dt  100(3.14) 314

Hence, the depth of wheat is increasing at the rate of 1 m/h.

The correct answer is A.

=" +3r-8,y=2-2-

The slope of the tangent to the curve™ 5at the point (2, —1) is

2 6 7T -6
A 7 ® 7@ b 7
Answer

The given curve is™ = t*+3t—8and v=2¢ -2t-5.

.‘.£=2I+3 and £=4I—2
i dr

cdv dy dr 42

U drode 20+3

The given point is (2, —1).
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At x = 2, we have:
1 43t-8=2
=1 +3t-10=0
= (1=2)(t+5)=0
=i=2ort=-5
Aty = -1, we have:
207 -2-5=-1
= 2t" =2t —4=0
=2("=1-2)=0
= (1-2)(t+1)=0
=t=2ort=-1

The common value of tis 2.

Hence, the slope of the tangent to the given curve at point (2, —1) is

i-‘ _4{2}—2_8—2_E
de |,

The correct answer is B.

The line y = mx + 1 is a tangent to the curve y? = 4x if the value of m is

1

(A)1(B)2(C)3 (D) 2

Answer

The equation of the tangent to the given curveisy = mx + 1.

2(2)+3 443 7

Now, substituting y = mx + 1 in y* = 4x, we get:

= [ni,'c—l- l]'l = dx
= m x" + 1+ 2mx—dx =10

= m'x +x(2m-4)+1=0

(D)

Since a tangent touches the curve at one point, the roots of equation (i) must be equal.

Therefore, we have:
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Discriminant =0

{2;!;—4}: —4[14?: ){l}z 0

= dm” +16-16m—4m" =0

= l6-16m =0

=m=1

Hence, the required value of mis 1.

The correct answer is A.

The normal at the point (1, 1) on the curve 2y + x*> = 3 is
(A)x+y=0B)x—-y=0
COx+y+1=00D)x-y=1

Answer

The equation of the given curve is 2y + x* = 3.
Differentiating with respect to x, we have:

2dy
2 L ax=0
dx
dy
=X
dx
dx |,
The slope of the normal to the given curve at point (1, 1) is
-1
=1.
afv}
dx f )
Hence, the equation of the normal to the given curve at (1, 1) is given as:
= y-l= I{x— l}
= y—l=x-1
=x—y=I0

The correct answer is B.
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The normal to the curve x* = 4y passing (1, 2) is
A)x+y=3B)x—-y=3
COx+y=1D)x-y=1

Answer

The equation of the given curve is x* = 4y.

Differentiating with respect to x, we have:

2x=4. ﬂ
dx
v _x
de 2
The slope of the normal to the given curve at point (h, k) is given by,
-1 2
dy h
dx X3

COEquation of the normal at point (h, k) is given as:
k="2(x—h)

v =—|\x—n

] p [

Now, it is given that the normal passes through the point (1, 2).

Therefore, we have:

y, 5
2-k=-"(1-Mork=2+=(1-h (1)

2(1-1) ork=242(1-1
Since (h, k) lies on the curve x*> = 4y, we have h? = 4k.
_>fc=h_

4

From equation (i), we have:
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i 2
—=2+—(1-h
4 h{ }

:‘>h—:2)’?+2—21’?:2
4

=k =8
= h=2
h:
Shk=—=k=1
4
Hence, the equation of the normal is given as:
-2
= yp—l=—(x-2
y-1=5(x-2)
= y-l=-(x-2)
= x+y=3

The correct answer is A.

The points on the curve 9y? = x3, where the normal to the curve makes equal intercepts

with the axes are
f £ e
4.¢§] L4.—E|
L e 3

{ {
4, 1] r4.i]
©' & mot 8

Answer

H

The equation of the given curve is 9y? = x°.

Differentiating with respect to x, we have:

dy 4
92y )—=3x"
{ ) }dx '
dy X

— =
dv Oy
{"‘I"'-LII}

The slope of the normal to the given curve at point is
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-1 by
c{v} %
dx 51}
O The equation of the normal to the curve at {x"y'} is
_6}]
y-y =—tx-x).

= Jr'|:.LJ - xlz.}'ll =—6x¥, +6x, 3,
— f-_'-,_r).'l — xlr_}a‘ = 6.¥|}’| + -T|:.]"'|
bxy, { -Tl_‘.]-" -1
6x 3, +x7 Y, 6xy +x ),
x ¥y
+ =1
.I,{'ﬁ—-’:.] }=|[6+x|]
6 X

]

It is given that the normal makes equal intercepts with the axes.
Therefore, We have:

Cx(64x) »(6+x)

6 x,
YoN
= L=l
6 x
= x =6 (i)

Yoy
Also, the point{ "'1"'} lies on the curve, so we have
9y = x i)

From (i) and (ii), we have:
23 i

9[1—‘ :xf—:-x—'::i,“ﬁx,:ﬁr
6 J 4

From (ii), we have:
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9y7 =(4) =64

., 64
= .]'II = ?
8
=y =t
3

I." b

ai8)

3)

Hence, the required points are "

The correct answer is A.
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